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Abstract— A number of specialized topics within the theory of
injection locking and pulling are addressed. The material builds
on our impulse sensitivity function (ISF)-based, time-synchronous
model of electrical oscillators under the influence of a periodic
injection. First, we show how the accuracy of this model for
LC oscillators under large injection is greatly enhanced by
accounting for the injection’s effect on the oscillation amplitude.
In doing so, we capture the asymmetry of the lock range as well
as the distinct behaviors exhibited by different LC oscillator
topologies. Existing LC oscillator injection locking and pulling
theories in the literature are subsumed as special cases. Next, a
transient analysis of the dynamics of injection pulling is carried
out, both within and outside of the lock range. Finally, we show
how our existing framework naturally accommodates locking
onto superharmonic and subharmonic injections, leading to sev-
eral design considerations for injection-locked frequency dividers
(ILFDs) and the implementation of a low-power dual-modulus
prescaler from an injection-locked ring oscillator. Our theoretical
conclusions are supported by simulations and experimental data
from a variety of LC, ring, and relaxation oscillators.

Index Terms— Adler’s equation, amplitude perturbation func-
tion (APF), dual-modulus prescaler, impulse sensitivity function
(ISF), injection locking, injection pulling, injection-locked fre-
quency divider (ILFD), lock characteristic, lock range, oscillator.

I. INTRODUCTION

THIS paper deals with several advanced topics arising out
of the ISF-based, time-synchronous model of injection

locking, and pulling introduced in the preceding companion
paper [1]. Although a number of authors have addressed
various, specific aspects of these topics [2]–[24], absent thus
far is a unifying framework capable of casting a wide net
over all of them with the level of generality achieved by
our model. The material is organized as follows. Section II
introduces notation and reviews the time-synchronous model
presented in [1]. Section III examines the issue of amplitude
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modulation caused by the injection, leading to significant
improvements in our model’s predictive power for LC oscil-
lators under large injection. Section IV generalizes the math-
ematical structure of the framework to allow for an arbitrary
rational relationship between the injection and the locked
oscillation frequencies (e.g., superharmonic and subharmonic
locking). Section V focuses on transient behavior: issues such
as the pull-in process and the dynamics of injection pulling
are covered. Next, Section VI introduces a new figure of
merit that enables meaningful comparisons between the lock
ranges of different oscillators, and Section VII explores several
techniques for enhancing an oscillator’s ability to serve as
an injection-locked frequency divider (ILFD). Finally, these
techniques are used in Section VIII to design a low-power,
ring-oscillator-based prescaler whose division ratio can be
dynamically toggled between 2 and 3 over a broad range of
reference frequencies.

II. REVIEW OF THE TIME-SYNCHRONOUS MODEL

A. Basic Definitions

The oscillation voltage of an oscillator under injection can
generally be expressed as

vosc(t) = [1 + A(t)] · v0[ω0t + φ(t)] (1)

where v0(·) is a 2π-periodic oscillation waveform and ω0 ≡
2π/T0 is the (noiseless) free-running (angular) frequency
of oscillation. Disturbances in the waveform, A(t), and in
the phase, φ(t), are caused by the injection of a periodic
current

iinj(t) ≡ iinj,0(ωinjt) (2)

where iinj,0(·) is a 2π-periodic injection waveform and
ωinj ≡ 2π/Tinj is the injection frequency.

In injection locking and pulling scenarios, it is more suitable
to represent the argument of the oscillation waveform—known
as the oscillator’s total phase ϕ(t)—in the frame of reference
of the injection signal:

ϕ(t) ≡ ω0t + φ(t) ≡ ωinjt + θ(t) (3)

where θ(t) is the relative phase of the oscillator with respect
to the injection.
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Fig. 1. Schematic of an LC oscillator under sinusoidal injection.

B. The Pulling Equation and Injection Locking

In response to the injection current iinj(t), it can be shown
that the oscillator’s relative phase θ satisfies the follow-
ing first-order differential equation, known as the pulling
equation [1]:

dθ

dt
= ω0 − ωinj + 1

Tinj

∫
Tinj

�̃
(
ωinjt + θ

)
iinj(t) dt (4)

where �̃(·) is the oscillator’s impulse sensitivity function (ISF)
at the injection site, with units of [1/Coulomb]. Note that θ
is to be treated as a constant within the averaging integral on
the right-hand side.

The phenomenon of injection locking is mathematically
characterized by θ being constant in time: dθ/dt = 0.
An important property of an injection-locked oscillator is its
lock characteristic �(θ), which is defined as the relationship
between the frequency difference 	ω := ωinj − ω0 and the
relative phase θ when the oscillator is locked. The upper and
lower lock ranges ω±

L are therefore given by the maximum
and minimum values of the lock characteristic, respectively.

III. LC OSCILLATORS: AMPLITUDE DEPENDENCE

A. Existing Models for LC Oscillators

The most well-known model for describing LC oscillators
under sinusoidal injection (Fig. 1) is Adler’s equation, which
states that

dθ

dt
= ω0 − ωinj − ω0

2Q

Iinj

Iosc
sin θ (5)

where Q is the tank’s quality factor:

Q = RP

ω0 L
= RPω0C. (6)

A powerful improvement to Adler’s equation was derived by
Mirzaei et al. [11], where they forgo the assumption of a weak
injection signal. Consequently, the result of their analysis,
which they call “Generalized Adler’s equation,” accounts for
how the injection can influence the amplitude of oscillation—
not just the phase. Specifically, they show that the oscillation
amplitude under injection is roughly given by

Vosc = (Iosc + Iinj cos θ)RP (7)

which leads to an augmented differential equation for the
oscillator’s phase:

dθ

dt
= ω0 − ωinj − ω0

2Q

Iinj sin θ

Iosc + Iinj cos θ
. (8)

The lock range associated with (8) was derived independently
by a number of authors [9]–[12] to be

ωL = ω0

2Q

Iinj

Iosc

1√
1 − Iinj

2

Iosc
2

. (9)

Unfortunately, this analysis still suffers from several crucial
limitations [1]. First, it only considers sinusoidal injections.
Second, the behavioral parameters Q and Iosc might be quite
difficult to accurately determine due to parasitics from the
active devices and the layout. In fact, modern integrated
oscillators may not be well-modeled by the circuit in Fig. 1 to
begin with. Third, the predicted lock range (9) is symmetric,
which is not always the case [8], [12]. Our model will tackle
all of these issues.

B. Thought Experiment: Locking to an Impulse Train

We motivate our analysis with the simple thought exper-
iment shown in Fig. 2, which explores the synchroniza-
tion of an ideal LC oscillator to an impulse train current
injection.1 As we can see, each impulse instantaneously alters
both the phase and the amplitude of oscillation. While the
perturbations to the phase persist indefinitely due to the
oscillator’s autonomous nature, we assume that any excess
amplitude decays exponentially with a time constant of τ0 =
2Q/ω0 in between successive injections due to the energetics
of the oscillator. The objective of this analysis is to calcu-
late the steady-state shift in the oscillation frequency (from
free-running ω0 = 1/

√
LC) that is caused by these repeated,

impulsive injections.
For small injections, it can be shown that the instantaneous

changes in the phase and amplitude are given by [28], [29]

	φ = − qinj

qmax
sin θ and 	qmax = qinj cos θ (10)

where θ is defined as the phase difference between the
fundamental components of the oscillation charge q(t) and
the impulse train injection iinj(t).2 The frequency shift can be
calculated directly from the phase shift per period to be [1]

	ω = 	φ

Tinj
= − 1

Tinj

qinj

qmax
sin θ. (11)

Since the oscillation amplitude varies with time [as Fig. 2(b)
shows], let us—for the purposes of this thought experiment—
treat qmax as the time average of the instantaneous max-
imum charge swing qmax(t), which can be computed
to be [29]

qmax = qmax,0 + τ0

Tinj
qinj cos θ (12)

1This is a generalization of the thought experiment performed in the
preceding companion paper [1, Sec. IV]. Again, various quantities and effects
have been dramatized for illustrative purposes.

2For example, if the injections occur at the peaks of the oscillation voltage,
then θ = 0. Fig. 2(b) illustrates several ways θ can be determined. Note that if
the injections are negative (i.e., point downward), then θ “changes” by π—this
means that the midpoint of q(t) across the injection becomes −qmax cos θ ,
the angle θ in state space is taken from the negative horizontal axis instead,
and so on. (Hence, notice how the definition of θ automatically accounts for
the polarity of the injections.)
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Fig. 2. Locking an ideal LC oscillator to an impulse train, taking amplitude
dynamics into consideration. (a) Circuit schematic (qinj ≥ 0 by convention).
(b) Time-domain (top) and state-space (bottom) representation of the thought
experiment. In the latter, the free-running limit cycle is plotted with a dashed
line. Gray curves: trajectory that would be taken by the oscillator if the
injections ceased. The points P1 and P2 correspond to the oscillator’s state at
the same instant in time with and without sustained injections, respectively,
and serve to show how much “farther along” the very next injection has
pushed the oscillator.

where qmax,0 is the free-running charge swing.3 Next, a simple
analysis of the interaction between the tank’s loss and the
current supplied by the transconductor reveals the identity
ω0qmax,0 = QIosc shown in Fig. 2(a). Finally, for the sake
of argument, let us relate the amount of injected charge per
impulse, qinj, to the amplitude of the fundamental component
of the impulse train, Iinj = 2qinj/Tinj. Combining all three of
these relations back into (11), one interestingly arrives at the
steady-state solution to Generalized Adler’s equation (8).

Notice that what this thought experiment shows is the
equivalence depicted in Fig. 3: an ideal LC oscillator injection
locked by an impulse train behaves in the same way as an
ideal LC oscillator injection locked by a sinusoidal injection
current equal to the fundamental component of the impulse
train. More precisely, it seems as if only the fundamental
component of the impulse train injection affects the oscillator’s

3Equation (12) is derived by first showing that in steady state,

qmax(t) = qmax,0 + 	qmaxe−t/τ0

1 − e−Tinj/τ0

where t ∈ [0, Tinj] is the time interval in between successive injections and
	qmax is given in (10). Averaging qmax(t) over t ∈ [0, Tinj] yields (12).

Fig. 3. Equivalence between an impulse train injection and a sinusoidal
injection as demonstrated by the thought experiment.

locking properties. The reason for this will become eminently
clear from our model (see Footnote 7).

The insight from this thought experiment motivates us
to construct a general framework for describing how the
oscillation amplitude of an LC oscillator is affected by a
periodic injection of current, a task which we turn to next.

C. Inverse Dependence on Amplitude
Other than influencing the phase, the external injection is

also capable of changing the size and shape of the oscillation
waveform. These so-called amplitude deviations are repre-
sented by the term A(t) in (1). Due to the narrowband nature
of the LC tank, however, we will assume that the shape of
the output voltage remains fairly sinusoidal—only its size,
or amplitude, can be modulated by the injection on average.

The oscillation amplitude is important because the
response of an oscillator’s phase to an injection of
current—encapsulated in the ISF—is inversely proportional
to the maximum charge swing qmax across the injection
terminals [26], [29]. This can be understood by noting that
the oscillation amplitude controls the slope of the waveform
(for a fixed oscillation frequency), and a steeper waveform
corresponds to a proportionally smaller phase shift from the
same injection of charge. Fig. 4 shows two examples of this
phenomenon.4 Consequently, we model the “effective” ISF of
an LC oscillator under injection with the following inverse
dependence on amplitude:

�̃LC = �̃

1 + A
. (13)

D. Amplitude Perturbation Function
Accounting for the oscillator’s time-varying behavior,

we can use a superposition integral to calculate the amplitude
deviation A(t) in response to the injection current iinj(t).
Unlike the permanent nature of phase perturbations, however,
the time-varying impulse response for amplitude disturbances
must eventually decay to 0 in any stable oscillator:

h A(t, τ ) = D
(
t − τ, ωinjτ + θ

) · u(t − τ ) (14)

where D(	t, ϕ) is a decay function that physically represents
the fractional change in the oscillation amplitude due to a
unit impulse applied at a phase ϕ after time 	t has passed
since the application of the impulse. As we just mentioned,
D(	t, ϕ) → 0 as 	t → ∞ for all ϕ.

4Technically, this inverse dependence only holds exactly if the oscillator’s
state variables are mutually orthogonal, which implies the absence of AM-
to-PM conversion. LC and Bose oscillators satisfy this condition [29].
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Fig. 4. Illustration of the inverse relationship between the maximum charge swing qmax and the phase shift 	φ induced by an injection of charge qinj in
(a) an LC oscillator and (b) a Bose oscillator.

Note that for the purposes of calculating the decay function,
the dc value or average of the oscillation signal must be
removed—only variations about the bias point are relevant.
This is because it is the swing in the voltage (or the current)
that corresponds to the total amount of energy in the tank
being exchanged back and forth between the capacitor and
the inductor. As a consequence, however, comparing only
the voltage (or the current) waveforms between the perturbed
and free-running cases is computationally problematic, since
one would run into the numerical issue of dealing with zero-
crossings. Instead, one must take a more fundamental view-
point of the concept of the oscillation amplitude by relating it
to the oscillation energy, which requires both the tank voltage
and the tank current to calculate:5

E(t) = 1

2
C vC(t)2 + 1

2
L iL(t)2. (15)

5More generally, if the tank consists of a network comprising multiple
capacitors and inductors, then

E = 1

2

∑
k

Ckvk
2 + 1

2

∑
m

Lmim
2 + 1

2

∑
p< q

Mpq ip iq

where Mpq represents the mutual inductance between inductors L p and
Lq (assuming i p and iq both leave/enter the dotted terminal). It is worth
noting, however, that at RF and mm-wave frequencies, integrated inductors
are typically modeled using scattering parameters obtained from electromag-
netic simulation, making the energy stored in the tank considerably more
cumbersome to calculate. Fortunately, lumped-element models for on-chip
inductors [31]–[33] usually provide sufficient accuracy for our purposes.

The amplitude deviation A(t) of an LC oscillator therefore
represents the fractional change in the square root of the
energy E(t) stored in the LC tank:

A(t) =
√

E(t)

E0(t)
− 1 (16)

where E0(t) is the amount of energy stored in the tank
when the oscillator is free-running. The concept of the decay
function is shown in Fig. 5(a) and (b) from the perspective
of both the oscillation voltage/charge and the stored energy,
respectively.

Substituting (14) into the superposition integral used to
calculate the amplitude deviation, we can write

A(t) =
∫ ∞

−∞
iinj(τ ) · h A(t, τ ) dτ

=
∫ ∞

0
iinj(t − τ ) · D

(
τ, ωinj(t − τ ) + θ

)
dτ. (17)

The change of variables in the last step allows us to see that
A(t) is itself periodic in time with a frequency of ωinj. Thus,
we appeal to the theory of time-averaging [30] and consider
only its time-average over an injection period. Simplifying the
resulting expression, we get

�⇒ A = 1

Tinj

∫
Tinj

iinj(t)
∫ ∞

0
D

(
τ, ωinjt + θ

)
dτ dt .
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Fig. 5. Characterizing the effect that an instantaneous injection of charge
has on an oscillator’s amplitude deviations. (a) Decay of the excess amplitude
of the charge waveform after an injection. (b) Decay of the excess energy
stored in the oscillator after an injection. (c) Relating the time-varying impulse
response for amplitude deviations to the APF.

To conceptually decouple the instantaneous change in the
amplitude induced by the impulse from the subsequent decay
dynamic, we decompose the decay function as

D(τ, ϕ) ≡ �̃(ϕ) · d(τ, ϕ) (18)

where d(τ, ϕ) is the oscillator’s characteristic decay function,
which has been normalized to satisfy d(0, ϕ) ≡ 1∀ϕ. In other
words, the characteristic decay function d(τ, ϕ) normalizes
the fractional change in the oscillation amplitude due to a unit
impulse applied at a phase ϕ after time τ has elapsed to the
initial amplitude change immediately after application of the
impulse. On the other hand, �̃(ϕ) := D(0, ϕ) is the amplitude
ISF, which was first introduced in [28].6

We now define an oscillator’s amplitude perturbation
function or APF 	(ϕ) by

	(ϕ) :=
∫ ∞

0
D(τ, ϕ) dτ = �̃(ϕ)

∫ ∞

0
d(τ, ϕ) dτ. (19)

The APF 	(·) has units of [1/Ampere]; multiplying it by a
current yields a unit-less quantity. In practice, one need only
integrate up to some observation time Tobs, beyond which the

6Note that the amplitude ISF � in [28] features an additional normalization
factor: � ≡ qmax · �̃.

decay function D (or d) is negligibly small. Notice that the
APF is equal to the area under the amplitude deviation impulse
response h A(t, τ ), as shown in Fig. 5(c).

A simulated example of these concepts is shown in Fig. 6
for the case of a bipolar Colpitts oscillator, chosen because
it exhibits much more interesting behavior compared to that
of a cross-coupled differential LC oscillator (for which the
amplitude ISF is fairly sinusoidal and the decay function is
essentially an exponential decay, independent of ϕ). Results
for other types of LC oscillators can be found in [29, Ch. 5].

With this definition, the perturbation in the amplitude
becomes

A = 1

Tinj

∫
Tinj

	
(
ωinjt + θ

)
iinj(t) dt . (20)

Conceptually, the APF is a measure of both how much the
oscillation amplitude changes and how long it takes for the
perturbation to decay. More importantly, its spectral com-
ponents give us a sense for how malleable the oscillator’s
amplitude is to an injection of current at that harmonic.
By expanding the APF via its Fourier series, 	(x) = (	0/2)+∑∞

n=1 |	n| cos(nx + � 	n), we can also visualize how it
filters the injection to create amplitude modulation, as shown
in Fig. 7.

E. An Augmented Pulling Equation

Incorporating the LC oscillator’s effective ISF under injec-
tion �̃LC (13) and our expression for the amplitude deviation
A (20) into our original pulling equation (4), we obtain the
following augmented pulling equation:

dθ

dt
= ω0 − ωinj +

1

Tinj

∫
Tinj

�̃
(
ωinjt + θ

)
iinj(t) dt

1 + 1

Tinj

∫
Tinj

	
(
ωinjt + θ

)
iinj(t) dt

. (21)

In essence, this model can be viewed as a “quasi-nonlinear”
approach, as it models the nonlinear behavior within the
injection-to-phase relationship by decomposing it into sepa-
rate quantities, each of which is assumed to have a linear
dependence on the injection current input.

Since the ISF and APF of an LC oscillator are usually
fairly sinusoidal, it is often the case that only the funda-
mental component of the injection is relevant. Therefore,
assuming a sinusoidal injection current iinj(t) = Iinj cos(ωinjt),
(21) simplifies to7

dθ

dt
= ω0 − ωinj +

1

2
Iinj|�̃1| cos(θ + � �̃1)

1 + 1

2
Iinj|	1| cos(θ + � 	1)

(22)

7At this point, we can also elucidate the equivalence from the thought
experiment depicted in Fig. 3: the ISF and APF of an ideal LC oscillator
are perfectly sinusoidal (see Section III-F), and so only the fundamental
component of the injection matters since the rest are effectively filtered out.
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Fig. 6. Bipolar Colpitts oscillator. (a) Schematic, where L = 6 nH, C = 8 pF, and the tank’s quality factor is Q = 15. The oscillation frequency is around
f0 = 1 GHz, and the oscillator is biased at Ibias = 10 mA. (b) Oscillation voltage and inductor current. (c) Tank energy over a single cycle. (d) Amplitude
ISF. (e) Decay function for 20 different values of ϕ, equally distributed across [0, 2π). (f) APF.

iinj,0(x  θ)

Δ0 2

ΓLC 

(1 A) v0( injt  θ) vosc(t)

Amplitude Modulate

Scale ISF

|Δn| cos(nx Δn)

A

Γ 
1  A

|Δ1| cos(x  Δ1)

~ ~

Fig. 7. Using the APF 	 to capture the injection’s impact on the oscil-
lation amplitude—with which an LC oscillator’s ISF �̃LC bears an inverse
dependence.

which yields the following closed-form expression for the lock
range:

ω±
L =

1

2
Iinj|�̃1|

1

2
Iinj|	1| cos β ±

√
1 −

(
1

2
Iinj|	1| sin β

)2
(23)

where β ≡ � �̃1 − � 	1 is the phase difference between the
ISF and the APF. This lock range is generally asymmetric,
meaning ω+

L �= −ω−
L . In particular, the lower lock range is

wider when |β| < π/2, whereas the upper lock range is wider
when π/2 < |β| < π . Only in the specific case of the ISF
and the APF being in perfect quadrature with respect to each
other (β = ±π/2) is the lock range symmetric.

Finally, we also wanted to draw attention to the peculiar fact
that the lock characteristic from (22) is no longer bounded
for all θ when Iinj|	1| ≥ 2, resulting in an infinite lock
range [i.e., (23) no longer holds]. Physically, this is because
the fractional amplitude change A is able to dip below −1
for certain values of θ , corresponding to the nonphysical
scenario of an oscillation amplitude which is zero or negative.
Note that this downside of our model, which only manifests
for rather large injection strengths, is a property of other
large-injection models for LC oscillators as well.8 Conse-
quently, it is necessary in these situations to constrain the
range of relative phases θ to be a subset of [−π, π). As we will
see empirically from our simulation results, roughly restricting
θ ∈ [−110◦, 110◦] for very large injection amplitudes usually
results in reliable estimates of the lock range.

F. Ideal LC Oscillator: Generalized Adler’s Equation

Here, we show how our model for LC oscillators presented
in Section III reduces to “Generalized Adler’s equation” (8),
first derived by Mirzaei et al. [11].

Consider the ideal parallel LC oscillator under sinusoidal
injection shown in Fig. 1. Without loss of generality,
we assume that the phase reference for the oscillation wave-

8Generalized Adler’s equation (8) and the analyses in [9]–[12] all predict
an infinite lock range when Iinj ≥ Iosc, as we can see from (9).
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Fig. 8. Simulation results for LC oscillators under sinusoidal injection. (a) and (b) Injection amplitudes of Iinj = 0.75 mA and Iinj = 1.5 mA, respectively,
for a CMOS differential LC oscillator with tank parameters L = 6 nH, C = 4.15 pF, and Q = 15 and biased at Itail = 1 mA, resulting in Iosc = (4/π) mA
and 2/|	1 | = 1.25 mA. (c) Bipolar Colpitts oscillator shown in Fig. 6 subjected to an injection amplitude of Iinj = 7.5 mA.

form is9 v0(ϕ) ∝ cos ϕ. Since the injection is sinusoidal,
our model reduces to (22) and we need only calculate the
fundamental components of the ISF and the APF.

It can easily be shown that the phase and amplitude ISFs
are given by [28], [29]

�̃(ϕ) = − 1

qmax,0
sin ϕ and �̃(ϕ) = 1

qmax,0
cos ϕ (24)

where qmax,0 is the free-running maximum charge swing
across the capacitor. To calculate the APF, first observe that
the transconductor only acquiesces the current consumed by
the parallel resistance RP up to the free-running oscillation
amplitude. Thus, we surmise that any excess energy simply
decays in accordance with the LTI dynamics of a damped
LC resonator, resulting in a characteristic decay function of
d(t, ϕ) = e−t/τ0 where τ0 = 2Q/ω0 (see Section III-B). Since∫ ∞

0 d(t, ϕ) dt = τ0, the APF is therefore given by

	(ϕ) = τ0 · �̃(ϕ). (25)

Now, we can put everything together. The fundamental
components of the ISF and the APF are given by

�̃1 = 1

qmax,0
� 90◦ and 	1 = τ0

qmax,0
� 0. (26)

Substituting these expressions into (22), we obtain

dθ

dt
= ω0 − ωinj −

1

2

Iinj

qmax,0
sin θ

1 + 1

2
τ0

Iinj

qmax,0
cos θ

. (27)

9It is imperative that the oscillation and injection waveforms have the same
phase reference, otherwise the relative phase θ will make little physical sense.

Finally, if we use the identity ω0qmax,0 = QIosc shown
in Fig. 2(a) (a consequence of the fact that the peak current
which flows within the LC tank is Q times larger than the
oscillator current consumed by the loss resistance RP ) to
eliminate the maximum charge swing qmax,0, we arrive at
Generalized Adler’s equation (8).

G. Simulation and Measurement Results
Fig. 8 shows the simulation results for a CMOS differential

LC oscillator and a bipolar Colpitts oscillator, both imple-
mented in a bulk CMOS process. The top row shows the
theoretical and simulated lock characteristics; the theoretical
lock characteristic calculated from the ISF alone (neglecting
the APF) is also shown for comparison. To further demonstrate
the validity of our model, the bottom row plots the oscillation
amplitude as a function of the injection frequency, where
the theoretical amplitude is calculated using (20). For each
injection frequency within the lock range, there are two
mathematical solutions for the phase θ and therefore also
two possible oscillation amplitudes. Based on our discussion
in [1, Sec. V-F], the stable mode must feature a negative
lock characteristic slope, which also corresponds to the larger
oscillation amplitude. Stable and unstable portions of all
theoretical curves are demarcated using solid and dashed
lines, respectively. A more comprehensive set of LC oscillator
simulation results can be found in [29, Sec. 5.5].

Notice the deviation between theory and simulation near
the center of the oscillation amplitude plot for larger injection
strengths. This occurs since nonlinear amplitude restoring
effects, which are not captured by the APF, are more prominent
at larger oscillation amplitudes. Fortunately, as we can see, this
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Fig. 9. Measurement results for LC oscillators. Error bars covering the entire range of the three measurements that were taken for each data point are shown.

Fig. 10. Schematics of the (a) CMOS and (b) NMOS-only cross-coupled
differential LC oscillators.

deviation does not affect the accuracy of the predicted lock
characteristic, since the size of �̃LC becomes increasingly less
relevant for injection frequencies close to f0.

Fig. 9 shows the lock range measurement results for
cross-coupled CMOS and NMOS-only differential LC oscil-
lators (schematics shown in Fig. 10) as well as a MOS
common-gate Colpitts oscillator, all free-running at roughly
1 GHz. Implemented in a 65-nm bulk CMOS process, the LC
tanks were constructed using metal-insulator-metal (MIM)
capacitors and 50-μm-radius planar spiral inductors with six
turns. A die photograph of the fabricated chip is provided in
the preceding companion paper [1, Fig. 16].

The predicted lock range was calculated from (23). For
comparison purposes, both the linear prediction of the
lock range based on the ISF alone and the generaliza-
tion of Adler’s lock range for large injections (9) pre-
sented in [9]–[12] are shown as well. Excellent agreement
is observed between theory and experiment, indicating the
usefulness of our model for practical LC oscillator design
applications. In particular, the APF is shown to accurately
capture the asymmetric deviation of the lock range from
the linear ISF-only model—something which (9) fails to do,
demonstrating the inadequacies of the parallel model shown
in Fig. 1.

IV. SUPERHARMONIC AND SUBHARMONIC INJECTION

A Fourier series decomposition of the pulling equation (4)
alludes to the fact that an injection at a harmonic of the oscil-
lation frequency is also capable of locking the oscillator [1].
After all, a function which has a period of Tinj/N for some
positive integer N is also periodic with Tinj. More generally,
notice how our framework does not technically require the
fundamental period of either the injection iinj(·) or the ISF
�̃(·) to equal the interval being averaged over—they need
only iterate through an integer number of cycles over a single
averaging period. To that end, we can re-define the oscillator’s
relative phase θ(t) as satisfying

ϕ(t) ≡ M

N
ωinjt + θ(t) (28)

where M and N are positive, coprime integers. This definition
yields the following generalized pulling equation:
dθ

dt
= ω0 − M

N
ωinj

+ 1

NTinj

∫
NTinj

�̃

(
M

N
ωinjt + θ

)
iinj(t) dt . (29)

This M:N sub-/super-harmonic injection framework therefore
captures the general case of an arbitrary rational relation-
ship between the injection and oscillation frequencies under
lock (i.e., Mωinj = Nωosc). Using Fourier series, one can
quickly see that locking thus requires the Mth-multiple har-
monics of the injection to interact with the N th-multiple
harmonics of the oscillator’s ISF.10 Finally, observe that in
this general scenario, relative phases that are 2π/N apart are
indistinguishable, and so the period of the lock characteristic
�(θ) is also 2π/N .

For the special case of a sinusoidal injection at the N th
superharmonic of amplitude Iinj, the lock characteristic and
the lock range are given by

�(θ) = 1

2
Iinj|�̃N | cos(Nθ + � �̃N ). (30)

Fig. 11 depicts a few examples of how the simulated superhar-
monic lock characteristic for a sinusoidal injection compares

10Note that the higher-order harmonics required of the injection when
M �= 1 are often generated within the oscillator as byproducts of mixing.
Unfortunately, this nonlinear phenomenon is not explicitly captured by our
framework. This issue is partially addressed by the model in [25], which was
used to design subharmonic injection-locked frequency multipliers.
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Fig. 11. Superharmonic sinusoidal lock characteristic simulations. (a) 1-mA and (b) 2-mA second-harmonic injections into the tail of a CMOS differential
LC oscillator where Itail = 1 mA. (c) Third-harmonic 5-mA injection into an ideal Bose oscillator.

against (30). Fig. 12 shows experimental results for the sinu-
soidal lock range at several higher-order harmonics, taken from
various integrated oscillators.11 The data is plotted alongside
the theoretically predicted lock range, which can be calculated
from (30) to be ωL = Iinj|�̃N |/2. The schematics and the die
micrograph for these oscillators can be found in the preceding
companion paper [1]. Additional simulation and measurement
results for superharmonic injection locking can be found
in [29, Ch. 6].

V. TRANSIENT BEHAVIOR: PULLING

The pulling equation can be integrated directly to reveal
insight into the transient behavior of an oscillator under
injection. When the injection is sinusoidal, a closed-form
expression for θ as a function of time can be obtained. In the
following analysis, we will assume a sinusoidal injection at the
N th superharmonic, and so (29) with M = 1 governs the oscil-
lator’s dynamics. Note that phase noise in both free-running
and injection-locked oscillators can also be analyzed using
the pulling equation; the interested reader is directed
to [29, Ch. 7].

A. Pull-In Process

Suppose the injection is within the lock range (|	ω| < ωL )
and θ0 denotes the locked phase; i.e., 	ω ≡ ωinj/N − ω0 =
�(θ0). Then one can show that [29]

tan

(
N θ̃

2

)
= tan

(
N θ̃0

2

)
tanh

(
ωpt + φ0

2

)
(31)

where we denoted N θ̃ ≡ Nθ+� �̃N −� Iinj out of convenience,
φ0 is set by initial conditions, and ωp := −��(θ0) is the pull-in
frequency. As time persists and θ approaches θ0, the difference
between them θ̂ approaches θ̂ ∝ e−ωpt . (See [1, Sec. V-F].)
Note that since the injection is sinusoidal, the pull-in fre-
quency, the frequency difference, and the lock range are related
through the following Pythagorean relationship [29]:

ωp = N
√

ωL
2 − 	ω2. (32)

11A discussion of Imax := ω0qmax, to which the injection amplitude is
compared for the purposes of assessing the validity of the model’s underlying
linearity, is given in the preceding companion paper [1, Sec. V-E].

TABLE I

THEORETICAL AND SIMULATED PULL-IN TIME CONSTANTS

Fig. 13 shows several examples of the simulated phase
deviation θ̂ (normalized to its initial value) as a function of the
number of elapsed cycles, showing the expected exponential
decay behavior. The phase deviation was introduced into
the locked oscillator by perturbing one of its nodes with a
small impulse of current and was subsequently calculated by
comparing its threshold crossings to an unperturbed oscillator
locked to the same injection source. Table I shows the com-
parison of the pull-in time constants τp ≡ 1/ωp obtained from
these plots against theoretical calculations.

B. Spectrum of an Injection-Pulled Oscillator

If the injection is outside the lock range (|	ω| > ωL ), then
one can show that [29]

tan

(
N θ̃

2

)
= − 1

N

ωb

ωL + 	ω
tan

(
ωbt + φ0

2

)
(33)

where the beat frequency is defined as

ωb := N
√

	ω2 − ωL
2. (34)

The tangent function has a period of π , and so θ(t) is periodic
with the beat frequency ωb (hence its name). Thus, elementary
phase modulation theory tells us that the distance between
adjacent sidebands is ωb .

Fig. 14 shows several examples of the spectrum of an
injection-pulled oscillator, obtained from a transient circuit
simulation over several hundred injection periods (top), as well
as calculated numerically by solving the pulling equation
for several thousand injection periods (bottom). The tone
at one edge of the spectrum always occurs right at the
injection frequency. Table II shows the comparison of the sim-
ulated and theoretically predicted beat frequencies for the two
non-LC oscillator examples. Note that the oscillator shown



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

HONG AND HAJIMIRI: GENERAL THEORY OF INJECTION LOCKING AND PULLING IN ELECTRICAL OSCILLATORS—II 2131

Fig. 12. Superharmonic lock range measurement results. (a) Injections at N = 2, 3, 4, 5 applied to a Bose relaxation oscillator ( f0 = 11.9 MHz, Imax =
19.9 μA). (b) Injections at N = 2 and 5 applied to a single-ended inverter-chain 17-stage ring oscillator ( f0 = 1.09 GHz, Imax = 0.38 mA). (c) Injection at
N = 3 applied to the same 17-stage ring oscillator, a 6-stage differential ring oscillator ( f0 = 1.32 GHz, Imax = 1.48 mA), and an NMOS astable multivibrator
( f0 = 874 MHz, Imax = 1.03 mA). (d) Injection at N = 2 applied to the tail of a CMOS differential LC oscillator ( f0 = 1.09 GHz, Itail = 3.1 mA) and an
NMOS-only differential LC oscillator ( f0 = 1.10 GHz, Itail = 7.6 mA).

Fig. 13. Simulation of the pull-in process. (a) 1-GHz 17-stage ring oscillator locked to a 1-GHz 1.5-mA sinusoidal injection. (b) 1-GHz 17-stage ring
oscillator locked to a 1-GHz 5-mA sinusoidal injection. (c) 1-GHz CMOS differential LC oscillator locked to a 1-GHz 0.5-mA sinusoidal injection.

in Fig. 14(b) is on the cusp of being locked—the injection
is only 0.7 MHz below the lower edge of the lock range.
To account for amplitude modulation in the LC oscillator
example of Fig. 14(c), we solved the pulling equation of (21)

and assumed the following amplitude-conscious form for the
oscillation voltage: vosc(t) ∝ [1+A(t)]·cos[ωinjt+θ(t)]. As we
can see, incorporating the APF into the analysis improves the
model’s accuracy dramatically.
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Fig. 14. Spectrum of an injection-pulled oscillator. (a) 1-GHz 17-stage ring oscillator pulled by a 1.04-GHz 1.5-mA sinusoidal injection. (b) 1-GHz 17-stage
ring oscillator pulled by a 0.97-GHz 1.5-mA sinusoidal injection. (c) 1-GHz bipolar Colpitts oscillator pulled by a 0.7-GHz 7.5-mA sinusoidal injection.

TABLE II

THEORETICAL AND SIMULATED BEAT FREQUENCIES

VI. INJECTION COMPLIANCE

It would be useful to have a uniform metric that allows us
to compare how “compliant” different oscillators are to being
injection locked. To that end, we define a sinusoidal injection
compliance at the N th harmonic as the fractional, two-sided,
sinusoidal lock range normalized to the injection strength:

ηN := 2ωL/ω0

Iinj/Imax
(35)

where the oscillation current Imax := ω0qmax,0 quantifies the
oscillator’s strength from the perspective of the injection.12 In
the linear regime, this quantity is independent of the size of
the injection and can be simplified to

ηN = qmax,0|�̃N |. (36)

For injections into the tail of a differential oscillator,
the injection strength can instead be calculated via normal-
ization to the tail bias current. Therefore,

ηtail,N := 2ωL/ω0

Iinj/Itail
= qmax,0

κtail
|�̃N | (37)

where qmax,0 is still the charge amplitude across the oscillation
terminals (not at the tail), and κtail ≡ Imax/Itail is a conversion
factor.13

Finally, the injection strength for LC oscillators is more
appropriately obtained by normalizing the injection amplitude

12Recall from [1] that qmax,0 is the free-running maximum charge swing
across the injection terminals (typically taken to be half of the peak-to-peak
amplitude).

13For CMOS and NMOS-only differential LC oscillators, κtail is equal to
4Q/π and 2Q/π , respectively. For differential ring oscillators, the charge
swing is given by qmax,0 = Itail RC , which leads to a conversion fac-
tor of κtail = ω0 RC . Estimating the period of oscillation as twice the
number of stages K multiplied by the delay per stage RC , we can
approximate κtail ≈ π/K .

Iinj to the oscillator current Iosc = Imax/Q. Physically, such
a definition accounts for the current “recycling” capabilities
of the LC tank and will therefore reflect the fact that for the
same power consumption, an LC oscillator with a higher tank
Q has a narrower lock range:

ηLC := 2ωL/ω0

Iinj/Iosc
= qmax,0

Q
|�̃1|. (38)

Table III lists the sinusoidal injection compliances (in the
linear regime) for various oscillators measured in this paper
and the preceding companion paper [1]. We observe some
rough general trends: 1) LC oscillators that more efficiently
convert bias current to voltage swing are less compliant;
2) rings become less compliant as they grow in length;
3) relaxation oscillators are more compliant than other types
of oscillators; and 4) compliances at higher-order harmonics
are typically lower (for a given oscillator).

VII. DESIGN CONSIDERATIONS

A. ISF Shaping for Frequency Division

Most oscillators feature symmetry between the “rise” and
“fall” of their oscillation waveforms either due to the cir-
cuit’s differential nature or the physical similarity between
how the node capacitances charge and discharge. This man-
ifests correspondingly as half-wave symmetry in the ISF,14

making division by an even ratio difficult when the injec-
tion is applied across the terminals at which the oscilla-
tion voltage is observed. Instead, even-ratio division is often
achieved by injecting into the tail node of a differential LC
oscillator [19]–[21] or a differential ring oscillator [22]–[24],
since the tail voltage iterates through two cycles per oscilla-
tion period, giving the ISF at that node rich even-harmonic
behavior. However, these two oscillators are costly in terms of
area and power, respectively.

Another option is to intentionally introduce asymmetry
into the oscillation waveform. As an example, Fig. 15 shows
the upper edge of the second-harmonic sinusoidal lock range
for both a symmetric and an asymmetric oscillation wave-
form. Based on (29), the time-average of the product of
the injection with the ISF yields the frequency deviation

14Mathematically, this means that �̃(x) = −�̃(x + π) for all x .
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TABLE III

SINUSOIDAL COMPLIANCES OF VARIOUS OSCILLATORS

Fig. 15. Time-domain perspective of the effect of waveform asymmetry on an oscillator’s locking properties at the second harmonic (i.e., N = 2). Upper
edge of the lock range (a) for an oscillator with a symmetric oscillation voltage and a correspondingly half-wave symmetric ISF, and (b) when the oscillation
voltage is asymmetric.

imparted by the injection. Note that θu represents the value of
θ that maximizes the lock characteristic or achieves the upper
lock range.15 In the perfectly symmetric scenario depicted
in Fig. 15(a), the phase shifts incurred from a second-harmonic
injection will always cancel between consecutive injection
cycles—or half oscillation cycles—resulting in no net phase
shift over an entire oscillation period. This is true regardless
of the relative phase θ that the oscillator bears with respect
to the injection. On the other hand, in the case of Fig. 15(b),
the oscillator’s asymmetry enables the second-harmonic injec-
tion to produce positive and negative phase shifts of unequal
size between consecutive injection cycles, allowing a net
phase shift to accrue over a complete oscillation cycle.

15Mathematically, this means that the upper lock range is given by

ω+
L := max

θ

〈
�̃

(ωinj

N
t + θ

)
iinj(t)

〉
N Tinj

≡
〈
�̃

(ωinj

N
t + θu

)
iinj(t)

〉
N Tinj

.

Furthermore, the more pronounced the asymmetry (for a
fixed ISF amplitude16), the larger the frequency deviation 	ω
induced by a given injection at a particular phase θ—and
therefore the wider the lock range. Note that this logic
and insight can be readily extended to other higher-order
even harmonics.

Consequently, single-ended inverter-chain ring oscillators,
which are small and power efficient, present a compelling
design opportunity here because their rising and falling edges
need not be perfectly symmetric—they can be independently
designed by controlling the widths of the p- and n-channel
transistors. Fig. 16 illustrates the effect that this has on the
free-running oscillation voltage and ISF of a 17-stage ring

16Physically, this amplitude has a rough inverse dependence on the
injection node’s charge swing (see Section III-C), even for non-LC
oscillators [26]–[28].
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Fig. 16. Effect of inverter asymmetry on the simulated free-running oscillation voltage and ISF of a 1-GHz 17-stage single-ended ring oscillator. (a) Fairly
symmetric. (b) PFET-dominant asymmetric. (c) NFET-dominant asymmetric. (Note that due to the electron’s higher mobility, it is more efficient to make the
NMOS device stronger than the PMOS device to achieve asymmetry, as opposed to the other way around.)

TABLE IV

COMPARISON BETWEEN SYMMETRIC AND ASYMMETRIC RING OSCILLATORS

oscillator; the bottom plots show the normalized magnitudes
of the first five Fourier series coefficients of the ISF. Table IV
summarizes various properties that are affected by the asym-
metry, including the second-harmonic injection compliance η2
and the simulated lock range for a 1.5-mA sinusoidal injection
at the second harmonic.17 Notice that an added benefit of mak-
ing the inverters asymmetric for the same oscillation frequency
is that the overall size of the ISF (precisely embodied in its
root-mean-square amplitude �̃rms) is enlarged as well. This
also serves to enhance the lock range.

Note that the inferior 1/ f noise performance of ring
oscillators constructed from asymmetric inverters [27] is of
no concern here, since the close-in phase noise of an

17Note that nonlinear behavior was already quite prevalent at this injection
strength, as the simulated lock range is much wider than Iinj|�̃2|/2.

injection-locked oscillator is dominated by the injection and
not the free-running oscillator [29].

B. Multi-Phase Injections Into a Ring Oscillator

Another technique for enhancing the lock range of a ring
oscillator is to inject into multiple stages of the ring, pro-
vided that one has access to multiple phases of the injection
signal [23], [24].18 Assuming injections of identical shape,
size, and frequency, one can show that optimizing the lock
range requires injections into separate stages to be subjected
to the same relative time shift as exists between their respective
stage voltages [29, Sec. 6.7]. Since the same time delay at the

18Note that simply increasing the amount of current injected into a single
stage will eventually have diminishing returns as the nonlinearities of the
active devices begin to saturate [12].
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Fig. 17. Depiction of the optimal relative phases between third-harmonic
injections into a ring oscillator (represented as a chain of amplifiers).

N th harmonic is N times the phase delay, this translates into
an optimal phase shift between N th-superharmonic injections
equal to N times the phase shift between the corresponding
stage voltages. This is depicted in Fig. 17. Compared to a
single injection, the lock range is thereby enhanced by the
number of stages that are injected into. Fig. 18 shows the
simulation results from employing this technique, demonstrat-
ing how a single ring oscillator can be used to divide by
different ratios through modification of the relative phases of
the injection signals. Note that θ here is the oscillator’s relative
phase, as defined in (28), between the oscillation voltage at,
and injection current into, a particular stage. (The choice of
which stage is irrelevant due to the symmetry inherent in the

optimized multi-phase injection scheme.) Finally, it is worth
mentioning that our analysis here of the optimum injection
phases is in accordance with the results in [23], where they
were stated without theoretical justification. Our scheme is
also a mathematical generalization of the technique presented
in [24], which describes only how a K -stage ring oscillator
can be used to divide by K —although they also demonstrate
the useful fact that the proper injection phases in such a
scenario can be generated internally within the oscillator as a
byproduct of mixing between the injection and the oscillation’s
harmonics at each stage.

VIII. APPLICATION: DUAL-MODULUS PRESCALER

In this section, we put several of the concepts presented
in this paper to practical use by designing a dual-modulus
prescaler based on an ILFD. Such prescalers, which are
important blocks in the implementation of frequency synthe-
sizers, can be challenging to realize given the increasingly
stringent tradeoffs between lower power consumption, finer
tuning resolution, and higher operation frequency [34]–[36].
While latch-based and current-mode-logic dividers consume
unfavorably high amounts of power as the frequency of oper-
ation increases [20], injection-locked dividers usually suffer
from narrow lock ranges and a fixed division ratio dictated by
the oscillator’s topology.

A. Design

Here, we use the insights gleaned from our theoretical
framework to design an ILFD which can be toggled between
two different moduli: 2 and 3. The core of our design is the
single-ended inverter-chain ring oscillator. Since the divider
must be able to divide the same VCO frequency by both ratios,
additional stages are switched into the ring when dividing
by 3. This lowers the ring’s free-running frequency, thereby
increasing the overlap between the lock ranges for the two
division ratios.

Next, recall from the discussion in Section VII-B that one
way to enhance the lock range of a ring oscillator is through
the use of multiple injections with properly distributed phases
into different stages of the ring. As we explained in Sec-
tion VII-B and Fig. 17, the optimal phase separation between
injections at the N th harmonic is N times the phase separation
between the respective stage voltages. Thus, the ideal phase
of the injection into stage k (relative to stage 0) is given by

φinj(k) = k N
(
π − π

K

)
(39)

for k = 0, 1, 2, . . . , K − 1, where K is the total number of
stages and N is the division ratio. Starting with a quadrature
VCO, which is commonly used for frequency synthesis in
RF systems, we can make full use of all four quadrature
injections while maintaining the highest possible operation
frequency for a given design process by having the ring be
switchable between 5 and 7 stages for dividing by 2 and 3,
respectively. Applying (39) to locate the most appropriate
stages for each of the quadrature injections, we obtain the
choices described in Tables V (÷2) and VI (÷3). For the
divide-by-2 scenario, observe how there are two stages whose
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Fig. 18. Simulating multi-phase sinusoidal injections into every single stage of a 7-stage single-ended asymmetric ring oscillator with Imax = 89 μA. The
theoretical lock characteristic associated with only a single injection is also shown for comparison. (a) Oscillation voltage and ISF. (b) Fundamental locking,
injection amplitude Iinj = 0.1 mA. (c) Division-by-2, Iinj = 0.1 mA. (d) Division-by-3, Iinj = 50 μA. (e) Division-by-4, Iinj = 0.1 mA. (f) Division-by-5,
Iinj = 0.1 mA.

TABLE V

QUADRATURE INJECTION SCHEME: 5 STAGES FOR DIVISION-BY-2

TABLE VI

QUADRATURE INJECTION SCHEME: 7 STAGES FOR DIVISION-BY-3

ideal injection phases are equally close to the ‘IN’ QVCO
phase. This means that we can choose either (but not both) of
those stages as the ‘IN’ injection site.

Finally, as explained in Section VII-A, higher-order lock
ranges, particularly those at even harmonics, can be widened
significantly by utilizing asymmetric inverters to build the
ring oscillator. Table VII shows the effect that asymmetry

TABLE VII

PRESCALER COMPLIANCE: SYMMETRIC VS. ASYMMETRIC INVERTERS

has on the simulated injection compliances of a 5- and
7-stage ring oscillator at the second and third harmonics,
respectively.

A schematic of this divider is shown in Fig. 19. The injec-
tion currents were implemented by having buffered versions
of the QVCO output voltages drive series injection resistors
Rinj; Norton’s theorem therefore tells us that Rinj appears as
an internal parallel resistance to its corresponding injection
current source. Note also that the extrinsic capacitance C that
loads the very “last” stage was used to further maximize the
overlap between the divide-by-2 and divide-by-3 lock ranges.
Of course, care must be taken here since this also slightly
distorts the phase separation between the stages assumed
in Table VI.

B. Measurement Results

The prescaler shown in Fig. 19 was fabricated alongisde a
quadrature LC VCO in a 65-nm bulk CMOS process. A 20-fF
MIM capacitor served as the capacitance C , and each injection
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Fig. 19. Schematic of the dual-modulus prescaler. The signal bit S controls
the division ratio.

Fig. 20. Photomicrograph showing the integrated dual-modulus prescaler
and the reference LC QVCO.

TABLE VIII

MEASURED LOCK RANGES OF THE DUAL-MODULUS PRESCALER

Fig. 21. Time-domain measurements of the prescaler dividing a 10-GHz
reference from the on-chip QVCO, taken for both moduli over 1.5-ns
windows.

resistor Rinj was made from a 780-� un-silicided p+-poly
resistor. A die photograph of the chip is shown in Fig. 20.

The measured lock ranges are presented in Table VIII.
Note that the QVCO’s tuning range was roughly 9–11 GHz.
The divider alone consumes less than 2.5 mW of power over
the entire lock range for both division ratios. Measurements
of the time-domain waveforms from the locked divider and

from the VCO are shown in Fig. 21 for a VCO frequency
of roughly 10 GHz. The prescaler’s output frequencies for
the divide-by-2 and divide-by-3 configurations are therefore
around 5 and 3.33 GHz, respectively. There appeared to be
some coupling from the output line of the divider to that of
the VCO, giving rise to the imperfect output voltage measured
from the latter.

While this performance can be further improved (e.g., [37]),
the proof-of-concept design presented here demonstrates
an interesting methodology for constructing low-power,
multiple-modulus prescalers from injection-locked oscillators.

IX. CONCLUSION

The general, time-synchronous theory of oscillator injection
locking and pulling presented in [1] was expanded upon in
this companion paper. For the commonly used LC oscillator,
an observation concerning the inverse dependence of the ISF
on the oscillation amplitude led to a nonlinear generalization
of the framework, enabling it to accurate handle large injec-
tions. The resultant augmented model elucidated previously
unknown properties of injection-locked LC oscillators. Next,
we illustrated how the core differential equation at the heart
of the time-synchronous model could be solved to predict
both the pull-in process of an injection-locked oscillator as
well as the spectrum of an injection-pulled oscillator. Finally,
we showed how injections at superharmonic and subharmonic
frequencies are also readily dealt with by simply redefining the
oscillator’s phase relative to the injection, and we discussed
different design methodologies for modifying an oscillator’s
superharmonic locking properties—for example, making the
inverters in a single-ended ring oscillator asymmetric signif-
icantly enhances its ability to divide by even ratios. It is
worth pointing out that a potentially fruitful future research
direction is to examine the role of amplitude modulation in
LC oscillators being employed as injection-locked frequency
dividers/multipliers (e.g., by combining the approaches in
Sections III and IV). Simulation and measurement results
showed excellent agreement with theory, and the design
insights were used to demonstrate an experimental prototype
of a frequency divider programmable between multiple divi-
sion ratios.
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