
3870 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 74, NO. 4, APRIL 2026

2-D Flexible Phased Array Shape Reconstruction
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Abstract—Flexible phased arrays can address new applications

and provide new capabilities in communications, radar, sensing,

and wireless power transfer due to their novel form factor,

which enables rapid deployment, conformity, and mass and size

advantages. However, the variable position of their elements

makes them vulnerable to the deleterious e↵ects of incoherence.

This problem can be addressed by reconstructing the shape of

the array and compensating for the change in the position of

the radiator at the system level. This article presents a method

for reconstructing the shape of a 2-D flexible phased array

using only measurements of mutual coupling between the array

elements. The method consists of an optimization loop: predicting

the coupling for a given shape, comparing the prediction to

measurement, and iterating through shape perturbations using

the Levenberg–Marquardt algorithm. Shape reconstruction is

demonstrated with a ⇡ 0.08 � mean position error across a wide

variety of shape configurations on a passive 8 ⇥ 8 flexible patch

antenna array operating at ⇡ 5 GHz.

Index Terms—Algorithms, antenna arrays, calibration tech-

niques, conformal antennas, Levenberg–Marquardt optimization,

phased arrays, smart beamforming and design of communica-

tions, space applications, thin-film circuits.

I. INTRODUCTION

T
HE proliferation of phased arrays over the last eight
decades [1] has enabled entire classes of applications

spanning sensing [2], [3], communication [4], [5], wireless
power transfer [6], [7], imaging [8], [9], and others [10].
Arrays designed for these applications range in size [11], [12],
weight [13], [14], functionality [15], [16], power consumption
[17], [18], antenna choice [19], [20], and more, but they are
almost all rigid and planar. Conformal phased arrays have long
circumvented the pitfalls of flatness [21], [22], but are typically
also rigid.

Flexible arrays are potentially useful in applications that
benefit from continuous shape change, portability, deployabil-
ity, and/or conformability [23], [24], [25], [26], [27]. However,
without a priori knowledge of the array’s shape, it becomes
di�cult to determine the phase shifts necessary to beam steer
or focus: the fundamental functionalities of a phased array.
Even if no explicit beam forming or focusing is performed
(e.g., in MIMO arrays), the system relies on and implicitly
assumes accurate knowledge of radiator position, and, hence,
phase o↵sets. Previous publications presenting flexible phased
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arrays [6], [28], [29] have addressed this problem through
closed-loop optimization: modifying individual element phase
shifts iteratively until power at a receiver is maximized. This
approach works but runs up against scaling challenges and
requires the existence of and communication with a receiver.
At best, closed-loop optimization scales as O(3N),1 where N is
the number of elements; at worst, it scales as O(PN),2 where
P is the number of phase settings per element. Even under
idealized circumstances, optimization still scales with array
size.

Previous works have presented solutions that attempt to
reconstruct the array shape, thus allowing for phase shift com-
pensation. Critically, shape reconstruction can be done locally
to bypass scaling concerns, as represented in Fig. 1. Some
have proposed reconstruction with resistive strain sensors [30],
[31] and (although not a phased array) using absolute angle-
sensing sun sensors [32], [33], [34], [35], [36]; both solutions
place additional hardware requirements on an already complex
system.

Recent works have proposed shape reconstruction using
measurements of mutual coupling between elements in the
array [37], [38], demonstrating performance similar to [31]
(⇡ 0.05 � of the reconstruction error) but without additional
sensors. However, the method was only demonstrated on 1-D
arrays and su↵ered from a number of drawbacks: the method
used a simplified far-field model for mutual coupling and did
not process coupling pairs holistically.

This work presents a number of major contributions. First,
we introduce a novel architecture for treating the shape
reconstruction problem as a nonlinear least-squares optimiza-
tion. We form an initial guess of the array shape, predict
the shape’s mutual coupling, compare this to the measured
coupling, compute a “loss” value which includes coupling and
other geometric constraints, and iterate until convergence. This
approach is more general than the one in [37] and [38], is
better equipped to benefit from lots of data, and enables a
demonstration of shape reconstruction of 2-D arrays. Second,
we introduce an improved mutual coupling model: a hybrid
line-of-sight (LOS)/non-LOS (NLOS) model that uses a full
k-space integral for the former and a surface mode model
for the latter. Third, we demonstrate our method on a 2-D
(8 ⇥ 8) flexible, passive patch antenna array conformed to a

1For a system with infinite dynamic range and completely decoupled
elements. Testing a minimum of three phase settings per element is required
to fit a sinusoidal interference pattern.

2For a system with finite dynamic range and completely coupled elements,
one would need to test every phase combination explicitly to guarantee ideal
optimization.
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wide variety of array shapes which are more asymmetric and
extremely deformed than those in [37] and [38].

The method can achieve a mean reconstruction error of
⇡ 0.08 � (median across shapes) using noisy, erroneous, and
incomplete coupling measurements. This corresponds to a
⇡ 20% reduction in array power gain compared to ⇡ 81%
without shape reconstruction or other compensation. We dis-
cuss the approach in detail and conclude by discussing method
drawbacks and future steps.

II. APPROACH MOTIVATION: ISSUES WITH
THE 1-D APPROACH

Previous demonstrations of flexible phased array shape
reconstruction have been in 1-D [31], [37], [38], [39]. 2-D
arrays come with added challenges.

1) The added dimension increases the space of possible
shapes.3

2) A 2-D array, with the same aperture and beam steering
performance in each of its 2-D as a 1-D array has in its
1-D, has more elements than the 1-D array (N2 versus
N).

3) Antennas in 2-D arrays, surrounded on all sides and in
multiple directions, have mutual coupling which is more
dominated by near-field e↵ects, and thus more complex,
than in comparable 1-D arrays.

However, given that they usually have more elements,
2-D arrays have a higher ratio of mutual coupling measure-
ments to local degrees of freedom (DoFs).4 Reconstructing
the array shape is possible assuming there is su�cient
independent information given the number of unknowns;
owing to noise and correlation, an optimization typically
benefits from an “overdetermined system” with more mea-
surements than unknowns. This supply of “redundant”
measurements o↵ers a number of possibilities in the way
of improving reconstruction accuracy or relaxing system
requirements.

1) Measurements can be filtered for high fidelity.
2) Measurements can be collected sparsely.
3) Redundant measurements can serve as an “algorithmic

integration” over noise,5 measurement error, and/or
model inaccuracy.

The added challenges have the potential to exacer-
bate the aforementioned weaknesses in the 1-D method,
while the information surplus has the potential to improve
the aforementioned weaknesses—if leveraged properly. These
considerations thus motivate the design of an algo-
rithm which improves upon the one presented in [37]
and [38] and can make use of the large number of
measurements.

3An N ⇥ N array has more DoFs than an N ⇥ 1 array for N > 4. DoFs for
various geometries are presented in Table I.

4An N⇥N array has (N4�N2)/2 unique coupling pairs (measurements) and
Reconstructing the array shape is N-6 DoFs; an N ⇥ 1 array has (N2 � N)/2
unique coupling pairs and N � 2 DoFs. ((N4 � N2)/2)/(2N � 6) > ((N2 �
N)/2)/(N�2) 8N > 1. For N = 8, an N⇥N array has a ratio of 2016/10 ⇡ 200,
whereas an N ⇥ 1 array (as in [37] and [38]) has a ratio of 28/6 ⇡ 5.

5A simulation of reconstruction using the method discussed below predicted
the array shape to within 0.02 � even though coupling measurements had an
SNR of �22 dB.

III. RECONSTRUCTION ALGORITHM
ARCHITECTURE

We begin by parameterizing the shape as a sum of scaled
basis functions

~x (u, v) =
MqX

m=1

~qm m (u, v) (1)

where
1) ~x(u, v) : R2 ! R3 is the array shape;
2) u and v are surface coordinates;
3) ~qm 2 R3 is the coe�cient for the mth basis function

 m(u, v); and
4) Mq is the number of basis functions used.
Prediction of the 3Mq “parameters,” ~q, is done in an

optimization loop which makes use of mutual coupling
measurements and known geometric constraints.6 Each loop
iteration consists of the following steps.

1) On iteration i, guess a parameter vector, ~q(i).
2) Compute the corresponding array shape, ~x(~q(i)),

using (1).
3) Predict the mutual coupling matrix, S (~q(i)) = S (~x(~q(i))),

for a given array shape using a mutual coupling model.
4) Normalize the coupling model by the predicted mutual

coupling for a flat shape: H(~q(i)) = S (~q(i))/S (~qflat).
5) Compute the vector of residuals, f(~q(i)), for a

given shape. Residuals are low when predicted cou-
pling matches measured coupling (e.g., f RF

m,n,o,p =

log10(|Hmeas
m,n,o,p|/|Hm,n,o,p(~q(i))|) ⇡ 0) and when geometric

constraints on the array’s developability7 are upheld.
6) Use the Levenberg–Marquardt algorithm [40], [41]

to inform the parameters, ~q(i+1), for the subsequent
iteration.

7) Iterate until at least one convergence criterion is
reached. The final parameter prediction, ~q⇤, gives the
reconstructed shape, ~x⇤.

By generalizing the array geometry and parameterizing it,
we make a few assumptions about the array deformation and
can use the geometry to compute secondary parameters (local
curvature, occlusion, orientation, etc.) We can also impose any
physical constraints on the reconstruction by adding them to
the residual vector. Reconstruction accuracy thus hinges on
three critical requirements.

1) A mutual coupling model which accurately predicts the
mutual coupling for a given array geometry.

2) An optimization algorithm that is e�cient, consistent,
and tuned to compatibility with the loss function and
input data.

3) Accurate mutual coupling measurements.
These three requirements and the means of achieving them are
the focus of Sections IV–VII.

6If we assume the flexible array cannot stretch, we can require interelement
distance along u and v to be fixed and local coordinate orthogonality preserved
(i.e., ~xu ? ~xv).

7A developable surface can only have curvature in a single direction; this
is true of surfaces that cannot stretch.
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IV. MUTUAL COUPLING MODEL

Mutual coupling in a flexible array can be modeled as the
composition of two dominant coupling modalities: free-space
propagation along the LOS and surface mode propagation
along the array ground plane. Intuitively, free-space propa-
gation will dominate when two radiators are in each other’s
LOS, and surface mode propagation will dominate when two
radiators are NLOS. We will model these two modalities
separately and put them together using knowledge of the
surface configuration.

A. Free-Space Coupling Along the LOS
One of the simplest models for free-space coupling between

two radiators is the simplified far-field model invoked in [37]
and [38]

S mn =
A
⇣
~fm (✓mn, �mn) · ~fn (✓nm, �nm)

⌘

lmn
e� jklmn (2)

where
1) S mn is the complex mutual coupling between transmitter

n and receiver m;
2) A is a constant term representing e�ciency, gain, and so

on for both radiators;
3) ~fm(✓mn, �mn) is the orientation-dependent, complex vec-

tor electric far-field from radiator m;
4) ✓mn is the angle between radiator m’s broadside and the

propagation vector between the two radiators;
5) �mn is the azimuth angle between the two radiators;
6) lmn is the distance between the two radiators (equivalent

to the magnitude of the propagation vector, k~lmnk); and
7) k = 2⇡/� is the wavenumber.

A visualization of the coupling geometry and the local geomet-
ric variables is presented in Fig. 2. Equation (2) su↵ers from
two major pitfalls: inaccuracy in predicting proximal coupling
and inaccuracy in predicting coupling for ✓mn ⇡ ⇡/2.

Because (2) is based on an assumption that the receiving
radiator is in the far-field of the transmitter, the model accuracy
breaks down for proximate distances.8 This is a well-studied
problem [43], [44], [45] addressed by integrating across the
entirety of the radiating portion of k-space

S mn = C
Z Z

K<k

~fm
⇣
�~k
⌘
· ~fn

⇣
~k
⌘

�
e j�lmn e j~K·~Rd ~K (3)

where
1) C is a constant;
2) K < k requires we only integrate over the radiating

portion of k-space;
3) ~fn() and ~fm() are the transmitting and receiving

antennas’ normalized complex electric far-field patterns,
respectively;

4) ~r = ~R + lmnêz = xêx + yêy + lmnêz is the vector pointing
from the transmitting antenna to the receiving antenna’s
near field;

8See [42, Figs. 2–8] in for demonstrations of the accuracy breakdown of
far-field models for proximate antenna coupling.

5) ~k = ~K + �êz = kxêx + kyêy + �êz; and
6) d ~K = dkxdky.

In this coordinate system, ẑ coincides with the vector point-
ing from the transmitter to the receiver. Equation (3) can
be understood as the Fourier transform of antenna far-
field characteristics to reflect radiative near field behavior.9
Equation (3) can be directly approximated numerically, but its
accuracy relies on high integration resolution; this limitation is
addressed by decomposing the integral into a sum of spherical
Hankel functions [43]

S mn =

1X
i=0

Bih(2)
i (klmn)

⇡
N�1X
i=0

Bih(2)
i (klmn) (4)

where N is the truncated summation order and Bi are the wave
coe�cients

Bi=C
2i + 1

2
(� j)n

Z ⇡

0

Z 2⇡

0

⇣
~fm · ~fn

⌘
Pi (cos (✓)) sin (✓) d�d✓

(5)
where Pi() is the Legendre polynomial of the ith degree.
Because the higher-order Hankel modes diminish in their
contribution to the summation, there is diminishing return
to summing infinitely. Yaghijian [43] estimates the necessary
number of modes, N, to accurately compute (4) as

N ⇡ k
�
a + a0 + �

�
(6)

where a and a0 are the radii of the spheres circumscribing the
transmitting and receiving antennas. For two patch antennas
with length and width approximately �/4, a = a0 ⇡ �/8, and
thus, N ⇡ 8—relatively small compared to the number of k-
space points potentially required by (3). Moreover, Yaghijian
observes that (5) is band-limited with respect to �, such that
the required resolution for � when discretizing the integral is
d�! �� = 2⇡/N, a result that he extends to ✓ as well.

Furthermore, a ground-plane-backed antenna theoretically
has zero field amplitude at ✓mn = ⇡/2 (i.e., ~f (⇡/2, �) = 0).
However, this is not true in practice, especially for adjacent
antennas in a flat array, which have nonzero mutual coupling.
This disparity is significant and can introduce significant
model error, with |Hmodel

mn | � |Hmeas
mn | = 45 dB in some cases.

This discrepancy is better addressed by (3) than (2), given that
the k-space integration is less sensitive to nulls in the far-field
pattern than the pattern itself. Addressing the two weaknesses
of (2), (4) is the coupling model we will use for free-space
propagation.

B. Surface Mode Coupling Along the Common Ground Plane

The accuracy of the k-space coupling model (3) understand-
ably breaks down for antenna pairs in an NLOS configuration.

9In the limit as d ! 1, it can be shown that (3) will asymptotically
approach the far-field model (2). In this way, the far-field model can be thought
of as a manifestation of the generalized, full k-space integral if we only
considered ~k = 2⇡/�k̂, where k̂ is the unit vector representing the direction of
propagation.
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Fig. 1. Alternatives for phase correction during continuous deformation of flexible phased arrays. Local shape reconstruction o↵ers a method more amenable
to scaling than closed-loop optimization.

Fig. 2. Local geometry for mutual coupling in ground-plane-backed patch antenna array. (a) Flat (2-D, u ⇥ v plane) geometry. (b) Flat (2-D, u ⇥ v plane)
geometry mapped onto a 3-D surface (an array in a concave bend along u (R = 85 mm). (c) 3-D surface in (b) with 3-D geometry. u and v are the primary
in-plane directions, ~lflat

mn is the flat coupling vector pointing from a transmitter n to a receiver m, �flat
mn is the direction of the coupling vector relative to the

u direction, ~xu and ~xv are the surface tangent vectors in the u and v directions, respectively, û = ~xu ⇥ ~xv/k~xu ⇥ ~xvk is the unit surface normal vector, ~lmn is
the propagation vector from the Tx to the Rx, ~lplan

mn is the projection of the propagation vector onto the ~xu ⇥ ~xv plane, and ✓mn and �mn are the propagation
elevation and azimuth, respectively.

These geometric conditions are best modeled by the surface-
mode coupling model presented in [46]

S mn = Ae� jkl⇤mn

1X
i=1

ai
�
�flat

mn
�

e�bi(�flat
mn)l⇤mn (7)

where
1) A is a constant;
2) l⇤mn is the e↵ective propagation length between the two

antennas;
3) �flat

mn = tan�1((vm � vn)/(um � un)), shown in 2(a) and (b),
is the angle of the geodesic with respect to the u ⇥ v
parameterization of the array surface; and

4) ai and bi are appropriate constants, which are dependent
on �flat

mn .
The e↵ective distance the surface mode propagates is l⇤mn,
which represents the length along the path a wave would
travel if it were traveling ↵� above the surface of the array.

This result has been observed in simulation [46] and derived
using the geometric theory of di↵raction [47], though with
slightly di↵erent results. Josefsson and Persson [46] gives the
following expression for l⇤mn:

l⇤mn = lflat
mn

 
1 +

↵
�
�flat

mn
�
�

Rmn

!
(8)

where ↵ = 0.2 was obtained in [46] for a simulation of patch
antennas on convex-curved ground planes, but may be di↵erent
for di↵erent arrays and di↵erent directions, �flat

mn . Rmn is the
“average” radius of curvature along the geodesic between
transmitter n and receiver m (more on this below).

C. Generalized Coupling
Free-space and surface mode coupling modalities are always

simultaneously contributing to coupling. Contributions are
added as phasors and can be constructive or destructive.
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Fig. 3. Constant curvature geometry for an LOS coupling pair in the region
between transmitter n and receiver m.

However, attempting to model the combination of modalities
by adding field phasors would make the result very sensitive to
the modeled phase and would require a (potentially high-order)
sum of multiple reflections. Instead, we can model coupling as
a geometric mean, which transitions smoothly between LOS
and NLOS coupling modalities

S model =

q�
S LOS

�1+⌧ �S NLOS
�1�⌧ (9)

where S LOS is the model in (4) and S NLOS is the model in (7).
⌧ 2 (�1, 1) is a measure of the occlusion between elements
and is given by

⌧mn =
2
⇡

atan
h
�
⇣⇡

2
� ✓mn

⌘i
(10)

⇡ 2
⇡

atan

�

✓
mnlflat

mn

2
� ✓0

◆�
(11)

where
1) ✓mn is the angle between a transmitter’s surface normal

and the vector pointing to the receiver (shown in Fig. 3);
2) � is a scaling parameter which adjusts the transition

width;
3) mn is the curvature between an antenna pair; and
4) ✓0 is the angle at which mutual coupling is the geometric

mean of both modalities.
For LOS pairs, the array will have a concave bend, ✓mn <

⇡/2, and ⌧mn > 0. For NLOS pairs, the array will have a
convex bend, ✓mn > ⇡/2, and ⌧mn < 0.

What determines the measure of curvature, mn, between two
elements? On the one hand, we can use an “average radius
of curvature,” implying (3,5),(1,5) = 1/R in Fig. 4. On the
other hand, deformation in other directions can a↵ect antenna
aperture and coupling in another, implying (1,7),(1,5) , 0 in
Fig. 4.

Based on measurement observation, it is most appropriate
to strike a balance between these two competing theories and
designate mn as

mn = 0.4avg
mn + 0.6max

mn (12)

Fig. 4. Di↵erent directions along the surface in a concave array configuration.

where avg
mn is the average radius of curvature and max =

max(1, 2) is the maximum of the two principal curvatures.10

avg
mn is obtained in computation by averaging the local radius

of curvature along the geodesic connecting m and n and max
mn

is obtained in computation by averaging the local maximum
curvature along the geodesic connecting m and n.

D. Mutual Coupling Model Implementation
The radiation pattern used for (4) is from a simulation of

the patch antenna discussed below, alone, on a square ground
plane with side s = 0.42� = 25.2 mm, with open boundary
conditions. N = 5 Hankel modes are used,11 with angular
resolution of �✓ = 5� and �� = 20�, and angular span of ✓ 2
[0, 90]� and � 2 [0, 360)�. Moreover, the model assumes that
the radiation pattern and aperture e�ciency remain constant
against deformation.

Additionally, (4) underestimates cross-polarization coupling
in the LOS coupling modality, modeling it at close to zero.
This is in contrast to measurements and simulations, for which
the cross-polarization penalty is not as large. To model this, (4)
is computed normally and then without polarization (i.e., ( ~fm ·
~fn)! (| ~fm|| ~fn|)). The LOS model is thus taken as the geometric
average of the polarization and no-polarization variants.

The NLOS coupling model is implemented using the fol-
lowing second-order model:

S NLOS
mn = A0

⇣
e��

l⇤mn
� + afloor

⌘
e� j(kl⇤mn+�0) (13)

with constants given in Table II.
The generalized coupling models are shown in Fig. 5 as a

function of antenna separation for cylindrical bends of various
radii.

V. PASSIVE, 8 ⇥ 8 PATCH ANTENNA ARRAY

To test the reconstruction method, we constructed a passive,
8 ⇥ 8, ground-plane-backed, flexible patch array which is fed

10Principal curvatures, 1 and 2, are the eigenvalues of the surface’s second
fundamental form (see (34) given in the appendix); at any point on the surface,
they represent the minimum and maximum curvature in the direction of the
two (orthogonal) principal vectors.

11This is fewer than the guideline from [43] (N ⇡ 8) because ✓ is only
integrated over half the full range, ✓ 2 [0, ⇡/2]. Similar results were obtained
with N = 9 and ✓ 2 [0, 180]�, but the added computation time did not improve
coupling accuracy.
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TABLE I
DOFS FOR VARIOUS ARRAY GEOMETRIES IN 3-D

Fig. 5. Generalized in-array mutual coupling models as a function of antenna separation (e.g., adjacent antennas have separation = 1) for constant-curvature,
concave, and convex shapes of various radii. Rows are bends along the u (top) and v (bottom) directions; columns are pairs in the E- (left) and H-plane
(right). Diagrams in the bottom-left corner of each plot show examples of the coupling geometry (direction of curvature and direction of coupling) for an
arbitrary radius of curvature.

TABLE II
NLOS COUPLING MODEL COEFFICIENTS

by a network of RF switches and MUXes mounted on the
backside of the array. The size of the array was chosen so

as to be large enough for complex deformations but small
enough to be easily manufacturable and testable. A power
of two, eight, was convenient for part sourcing and digital
control. Moreover, 64 elements provided a su�ciently high
ratio of measurements to DoF, allowing us to test sparsity
and amplitude-only operation. A schematic of the array is
shown in Fig. 6 and photographs of the top and bottom of
the constructed array are shown in Fig. 7. Patches are tuned
to ⇡ 5 GHz and laid out in a regular, rectangular grid with an
antenna pitch of 0.6 � = 36 mm. Metal layers in the array are
allocated as such as follows.

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on August 11,2026 at 21:07:23 UTC from IEEE Xplore.  Restrictions apply. 



3876 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 74, NO. 4, APRIL 2026

Fig. 6. Simplified schematic and (example) routing diagram for a passive, 8 ⇥ 8, ground-plane-backed, flexible patch array.

Fig. 7. Left: top of passive, flexible phased array (Layer 4). Right: bottom of passive, flexible phased array (Layer 1), showing passive feed network.
(a) SP8T RF MUX. (b) Digital decoder. (c) High-isolation SP2T RF switch. (d) “Coaxial” via feed to patch. (e) Digital control and power supply. (f) Tx
SMA input. (g) Rx SMA input. (SMA ports and parts routed along the perimeter are test structures disconnected from the main network.)

1) Layer 1: RF microstrip transmission line routing
between parts; bottom side of coaxial via feed for patch
drive.

2) Layer 2: Shared RF/dc ground plane, meshed with grid
size of 1.2 mm and track width of 0.2 mm (31% metal
fill).

3) Layer 3: DC routing for digital control and power
supply.

4) Layer 4: Top side of coaxial via feed for patch drive.

Patches are mounted on Layer 4 and resonate with the ground
on Layer 2. Though resonant fields pass through Layer 3, keep-
out regions slightly larger than the patch were designated to
ensure dc routing did not interrupt fields local to the patches.

A. Patch Antennas
Patches were manufactured out of single-sided, Rogers 3010

(✏r ⇡ 10.2, t = 1.28 mm) substrate, chosen for its high relative
permittivity, which enabled smaller patches.

Patches were manufactured out of a single-substrate sheet
in a single production run to maximize consistency, quantified
in Table III. Resonant frequency variation is in line with
predictions based on dimensional variation and the substrate
(✏r, t) variation listed by the manufacturer. A 110-MHz uptune
in the (average) patch resonant frequency is likely the result of
the nonzero laser etch lane, which slightly reduced the patch
size in length and width. Patch antennas were mounted on
the top of the board using 3M DP2216 epoxy. Patch radiation
pattern and match are shown in Figs. 8 and 9, respectively.
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Fig. 8. Ground-plane-backed patch antenna array simulation in CST.
(a) Simulation setup. (b) Far-field pattern of central element in a 7 ⇥ 7 patch
array.

TABLE III
PATCH PRODUCTION CONSISTENCY

B. Board Design
The four-layer board was manufactured out of two, two-

layer 1/2 oz copper-clad polyimide (DuPont Kapton, ✏r =
3.313, t = 3 mil) boards glued together with an adhesive layer
(DuPont LF0111, ✏r = 3.000, t = 1 mil). Boards were not
finished with solder mask, metal finish, and so on.

C. Routing Network Asymmetry
For microwave networks that are passive and physically

symmetric, measurements are reciprocal (i.e., S mn = S nm).

Fig. 9. Input match of the central patch antenna in simulation of a 7⇥ 7
array. (a) |S 11 |. (b) S 11 (Smith chart).

Because the Tx and Rx paths on this board are physically
separate (see Fig. 6), measurements were slightly nonrecipro-
cal (e.g., S mn = S nm + �), owing to routing length di↵erences
and variation in component and component-transmission line
match. Performing ideally, asymmetry should be |S mn| �
|S nm| < 3 dB. However, some pairs that were far apart had
asymmetry >3 dB; these were considered erroneous and were
omitted.

VI. MODEL PERFORMANCE

A. Measurement Setup

To ensure consistent and accurate bends, the array was
mounted to a number of acrylic frames of known geometry
during measurement in an absorbing chamber, as shown in
Fig. 10.

B. Measurement Procedure

To measure coupling, the array input and output ports
were connected to a vector network analyzer (VNA) while
digital pins controlled the routing path through MUXes and
switches. A computer iterated through all Tx/Rx combina-
tions to populate a dense coupling matrix. To remove the
contribution of the microwave network from coupling mea-
surements, we measured the array flat and normalized all
deformed coupling measurements to this. Assuming deforma-
tion did not a↵ect the network significantly, this isolates the
change in coupling from any fixed components we do not
model.
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Fig. 10. Shape reconstruction measurement setup. (a) Array in an absorbing chamber. (b) Array mounted on acrylic frames.

Fig. 11. A comparison of coupling measurement and model for convex and concave bends for within-column (�flat
mn = 0�) and within-row (�flat

mn = 90�) pairs.
Rows separate the direction of bending and the direction of coupling (along u or v). Columns separate the radii of curvature (concave and convex). Each
plot shows the relationship between coupling change magnitude and the separation of the antennas in units of array pitch. Measurements are represented by
box-and-whisker plots where the cyan line shows the median, the box shows the median ± a standard deviation, and whisker caps show the absolute minimum
and maximum. Models are shown as dotted black lines. Titles include the direction of curvature (e.g., “u-bend”) and the average error between measurement
and model, h|�Hmn |i, in dB for all pairs up to 5 pitches of separation.

C. Measurement Versus Model

Fig. 11 presents a comparison of measured and modeled
coupling data for the coupling change (H = S bent/S flat).
We can see that the model accurately predicts the ensemble
median for most shapes and coupling distances. Spread across
pairs with identical interelement distance (5–10 dB) can be
attributed to a combination of patch resonant frequency vari-
ation, variation in patch e�ciency, variation in routing losses,

routing asymmetries, physical nonidealities (i.e., edge e↵ects
and manufacturing defects), noise, within-array reflections,
and other e↵ects not modeled.

D. Correlations Between Measurement, Model, and
Simulation

The full, 8 ⇥ 8 arrays were simulated in CST in
various cylindrical conformations, as shown in Figs. 2, 4,
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Fig. 12. Correlations between various |Hmn |, color-coded by the direction of coupling, (�flat
mn )0, which is �flat

mn “folded” twice to reflect vertical and horizontal
symmetries (e.g., �flat

mn ⇠ ��flat
mn ). Titles express the shape under question and the corresponding shape’s correlation coe�cient, p. (a) |Hsimulated

mn | versus |Hmeasured
mn |.

(b) |Hmodel
mn | versus |Hmeasured

mn |. (c) |Hmodel
mn | versus |Hmeasured

mn | for pairs with �flat
mn = {0�, 45�, 90�} and antenna separation <6.

and 8(a).12 Simulation versus measurement correlations
quantify the measurement’s accuracy, and measurement
versus model correlations foreshadow reconstruction
performance.

Fig. 12(a) presents correlations between measured and sim-
ulated coupling amplitude, for pairs with k|S mn| � |S nm|k < 3
dB. For |H|, correlation coe�cients, p, are generally close to 1.
Correlations between measured and simulated \H (not shown)

12Simulations are of locally flat, segmented arrays as opposed to continuous
bends. This was done to avoid the potential for meshing errors or singular-
ities when bending multilayer substrate stacks in CST. Segmentations are
d/2 = 0.3� wide, the smallest allowed given the dimensions of the patch.
Discontinuities in the ground plane near the patch antenna do not appear to
undermine patch resonance; S ii is broadly unchanged relative to simulations
of planar surfaces.

are close to zero, with no apparent pattern as it relates to the
direction of curvature. This is likely the result of measurement
error, asymmetry, variance, and so on approaching at least
a large fraction of a full phase rotation. Correlations of
measurement versus model phase are similarly poor. Because
phase information is so inaccurate as to be functionally mean-
ingless, it is omitted from the shape reconstruction process
entirely.

Correlations between measurement and model (Fig. 12(b)
are similar to those between measurement and simulation.
Given a redundancy of data, we can a↵ord to ignore a large
fraction of the measurements if they are not accurately pre-
dicted by the model, while still retaining enough to accurately
reconstruct the shape in optimization. Fig. 12(c) shows the
same correlations of |Hmeas| versus |Hmodel| as Fig. 12(b), but
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Fig. 13. Erroneous reconstruction owing to use of only coupling along the
E- and H-planes ((�flat

mn )0 = {0, 90}�). Though curvature along these directions
appears to be correct, the shape as a whole is incorrectly reconstructed. (a)
Skewed reconstruction. (b) Accurate reconstruction.

only for coupling pairs with (�flat
mn)0 = {0�, 45�, 90�} and antenna

separation <6: the more accurate pairs.
Removing coupling pairs along the diagonals would fur-

ther increase correlation coe�cients, at the cost of adding
singularities to the optimization. This is because it is possible,
without diagonal coupling pairs, for the reconstructed shape
to be skewed relative to the true shape. After all, skews do not
necessarily a↵ect coupling behavior within individual rows and
columns. An example of this is shown in Fig. 13.

VII. NONLINEAR OPTIMIZATION:
LEVENBERG–MARQUARDT

Expressed as a minimization problem, the reconstruction
problem is the following:

q
⇤ = arg min

q

NcX
i=1

f 2
i (q) (14)

where
1) q are parameters that define the array surface,
2) q

⇤ are parameters that define the reconstructed array
surface,

3) fi(q) is a residual of the ith constraint on the surface,
and

4) Nc is the number of constraints.
The vector of constraints is a combination of geomet-

ric constraints (inextensibility in u, inextensibility in v, and
local orthogonality between u, v) and RF coupling constraints.
Implementing the problem using 2-D Lagrangian basis func-
tions for 3-D surfaces ( mn(u, v) 8m = {1, 2, . . . ,Mq}, n =
{1, 2, . . . ,Nq}), with surface of the form in (1), q 2 R3⇥Mq⇥Nq

is a tensor with Np = 3MqNq total parameters.
Nonlinear least-squares minimization problems can be

solved with the Levenberg–Marquardt (LM) algorithm [40],
[41], which combines classic gradient descent (GD)

1
a

h = �J
>

Wf (q) (15)

and the Gauss–Newton method (GN)
�
J
>

WJ
�

h = �J
>

Wf (q) (16)

with a “damping parameter,” �
�
J
>

WJ + �I
�

h = �J
>

Wf (q) (17)

where
1) h 2 RNp⇥1 is the parameter step vector such that q

(i+1) =
q

(i) + h for iteration i;
2) a 2 R is the fixed gradient descent step size;
3) J 2 RNc⇥Np is the Jacobian matrix of the residual

vector derivatives with respect to the parameters such
that Jmn = @ fm/@qn;

4) W 2 RNc⇥Nc is a diagonal weighting matrix where Wmm
scales the relative importance of constraint m; and

5) f(q) 2 RNc⇥1 is the vector of residuals for a given array
shape, encoded by parameters q.

Classical gradient descent uses a fixed step size, a, whereas
Gauss–Newton uses the inverse of an approximation of the
local Hessian ((J>WJ)�1) as the (variable) step size. LM
combines the two approaches with �, as a means of better
controlling the step size at each iteration.

A. Constraint Vector:f(q)
The residual vector, f(q), packages all the constraints we

wish to impose on the surface. As aforementioned, these are
three classes of geometric constraints—u-distance, v-distance,
and local u, v orthogonality—and RF coupling constraints

f (q) =

2
664

u � dist. constraints
v � dist. constraints

angle constraints
RF constraints

3
775 =

2
664

f
u

f
v

f
a

f
RF

3
775 . (18)

Residuals are defined as

f u
m,n = au

"Ni�1X
i=0

����
@~x
@u

(um + i�u, vn)
�����u � d

#
(19)

f v
m,n = av

"Ni�1X
i=0

����
@~x
@v

(um, vn + i�v)
�����v � d

#
(20)

f a
m,n = aa @~x

@v
(um, vn) · @~x

@u
(um, vn) (21)

f RF
m,n,o,p = log10

 
|Hmeas

m,n,o,p|
|Hmodel

m,n,o,p|

!
(22)

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on August 11,2026 at 21:07:23 UTC from IEEE Xplore.  Restrictions apply. 



MIZRAHI AND HAJIMIRI: 2-D FLEXIBLE PHASED ARRAY SHAPE RECONSTRUCTION 3881

Fig. 14. Optimization stages (initial, reconstructed (ending), and true shape) for concave bend, along
⇥
uv
⇤
=
⇥
11
⇤
, R = 128 mm. Nonzero antenna position

error for the “true” shape is due to interpolation error.

where
1) au, av, and aa are scaling parameters which compensate

for the di↵erent scales the residuals of these constraints
typically exhibit, as a means of improving the Jacobian
conditioning;13

2) Ni = d/�u = d/�v are the number of “integration”
samples corresponding to a finite di↵erential �u and �v;

3) Hmeas
m,n,o,p = S meas, bent

m,n,o,p /S meas, flat
m,n,o,p is the “transfer function”

which represents the change in measured mutual cou-
pling relative to some reference state (flat, in this case);
and

4) Hmodel
m,n,o,p = S model

m,n,o,p(~x)/S model
m,n,o,p(~xflat) is the “transfer

function” model.
As in 1-D, normalizing by a reference state removes fixed

amplitude and phase factors, which may be di�cult to measure
and/or model. All together, we have Nc = (M � 1)N + M(N �
1) + MN + (M2N2 �MN) = M2N2 + 2MN�M � N residuals.

B. Levenberg–Marquardt Implementation
LM was coded in MATLAB, heavily inspired by [48], with

the following nuances.
1) Shapes are reconstructed using a Lagrangian basis in

2-D with Mq = Nq = 5 basis functions in each direction
and 3MqNq = 75 parameters in total. The 8 ⇥ 8 array
theoretically has 16 absolute DoFs, so 75 parameters
should be enough to su�ciently search the space and
provide some redundancy, while keeping the optimiza-
tion computationally tractable. It is also su�cient to
accurately reproduce the tested shapes with (typical)
mean radiator (interpolation) position error < 0.003�.

13The condition number  for a matrix J is the ratio of its largest and
smallest singular values: (J) = �max(J)/�min(J). Matrices with large condi-
tion numbers ((J) > 102) are di�cult to approximate accurately numerically
and contribute to information loss across multiplication.

Fig. 15. Mean radiator position error ([% �]) for various bends at various
radii. Dotted green line shows |�x| = 0.05�.

2) The optimization begins with an initial state of
q = qflat + N (0, 8 mm). Flat is chosen as the “default”
configuration, and the starting “perturbation” promotes
nonzero geometric residuals for the initial shape that
make it easier for the algorithm to search the space in
the early iterations.

3) Jacobian matrices are estimated using a two-sided finite
di↵erence with a parameter step of �q = 20 mm.
A finite di↵erence computation of the Jacobian is used
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Fig. 16. Reconstruction of asymmetric shapes. “Tortilla Chip” denotes a shape where di↵erent sides and/or corners of the array are bent in di↵erent directions,
a “wave” denotes a shape which is concave on one side and convex on the other, and “V” denotes a shape which is bent along a small radius of curvature
(R = 60 mm) in the center and flat on both sides. Reconstruction error is given as “h|�x|i:” the absolute distance error, |�x|, between the true and reconstructed
shape, averaged over all antennas, in percentage of a wavelength. (a) Asymmetric shapes 1–7. (b) Asymmetric shapes 8–14.

on iterations 1, 40, every multiple of 75 thereafter, and
on iterations after a (supposed) convergence.

4) Because explicit calculation of the Jacobian using finite
di↵erences is exhaustive (requiring 2 · 3MqNq = 150
individual function calls in this implementation), most
iterations update the Jacobian using the Broyden update
method [49], which requires a single function call.

5) The constraint vector, f, is scaled with au = av = aa =
10, which usually restricts (J) < 102.

6) Some pairs were typically more accurate than others:
these pairs were weighted more. The following weights
balanced competing constraints well and resulted in
accurate reconstructions. Constraint weighting is as
follows.

a) wi = 0.70 for u- and v-distance constraints.

b) wi = 0.21 for u, v orthogonality constraints.
c) wi = 1.00 for coupling pairs in the E-plane (�flat

mn =
0�) with interelement distance <6.

d) wi = 0.33 for coupling pairs in the H-plane (�flat
mn =

90�) with interelement distance <6.
e) wi = 0.70 for coupling pairs along the diagonals

(�flat
mn = 45�) with interelement distance < 3

p
2.

f) wi = 0 for all other constraints.
g) “Asymmetric” coupling pairs (i.e., |S asym| =
|S meas

m,n,o,p/S meas
o,p,m,n| > 3 dB for either the flat or bent

measurement are weighted zero).
7) � is updated according to Nielsen’s method [50].
8) Optimization is set to converge only after the Jacobian

has been computed with finite di↵erences and when one
of the following conditions is met:
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a) Gradient Convergence: max(|J>Wf|) < 10�3.
b) Parameter Update Convergence: max(|h|) < 10�6

mm.
c) Loss Convergence: �2/(Nc � Np + 1) < 10�10.

If one of the convergence criteria is met on an
iteration using the Broyden update method, the
next iteration will use the finite di↵erence computa-
tion. This condition avoids premature optimization
conclusion as a result of a Broyden update, which
erroneously predicts a local minimum. Often, iter-
ations that converged using the Broyden Jacobian
(e.g., a supposed local plateau) were followed up
by a significant loss reduction in the subsequent
iteration due to a full, explicit computation of the
Jacobian.

VIII. RECONSTRUCTION RESULTS

Reconstruction fidelity is a consequence of measurement
quality, measurement/model agreement, and optimization qual-
ity. An example of shape reconstruction error throughout the
optimization process is shown in Fig. 14. Reconstruction
accuracy was quantified with shapes of uniform curvature
(cylinders of various radii; Fig. 15) and shapes with asymmet-
ric geometry (a “wave,” a “V,” a shape with di↵erent bends in
di↵erent places, etc.; Fig. 16). In general, accuracy decreases
as the shape becomes more extreme (e.g., higher curvature, as
seen in Fig. 15) and/or more complex (e.g., for asymmetric
bends).

“Convex v” shapes have a lower reconstruction accuracy
than the correlation coe�cients would suggest, indicating pos-
sible optimization limitations. One explanation is that bends
along the v direction do not produce a significant enough
change in the coupling (e.g., ↵ is lower for �flat

mn = 90� than
for �flat

mn = 0�). It is possible that more precise measurements
would result in more accurate reconstructions for these shapes.

Taking the median across all shapes, the method recon-
structs the array shape with ⇡ 0.08 � shape error using noisy,
erroneous, and incomplete coupling data. This corresponds to
a ⇡ 20% reduction in array power gain, compared to ⇡ 81%
without shape reconstruction or other compensation.14

IX. DISCUSSION

Performance of the reconstruction algorithm stands on three
“legs”: an accurate RF coupling model, an e�cient and con-
sistent optimization, and high-quality coupling measurements.
We discussed these three requirements above and quantified
performance based on results from reconstructions of 32
shapes spanning eight bend radii and four bend directions
(Fig. 15) in addition to other, asymmetric shapes (Fig. 16).
When taking the mean across all shapes, we demonstrate that
the presented method reconstructs the array shape with a mean
radiator position error of 9.14% of � (33�); error is 8.04% of �
(29�) when we take the median.15 How have the three “legs”

14Array power gain reduction is estimated by converting the reconstructed
shape into a broadside distance error and using the array factor equation to
estimate coherence in the far-field.

15Because some strongly asymmetric shapes (see Fig. 16) have anomalously
high error, the mean across shapes is slightly higher than the median.

(model, optimization, and data) contributed to these results?
How can we improve? What directions can we envision for
the future?

A. Coupling Model
Correlation coe�cients for |Hsimulation| versus |Hmeas| and
|Hmodel| versus |Hmeas| are similar, demonstrating that the
simplified, geometry-based coupling model is broadly accurate
at predicting mutual coupling in a flexible phased array, with
some caveats. For one, simulation is superior at predicting
coupling at propagation directions not in the E-plane, H-plane,
or diagonals. This is a consequence of assumptions made in
the simplified model breaking down for propagation not in the
primary planes. This is acceptable if we grossly omit large
swaths of data from pairs outside the primary planes, but it
may be detrimental in other implementations, where these
directions are valuable. Furthermore, the simplified mutual
coupling model may find utility in other applications where
full-wave simulations are either impossible (e.g., extremely
complex shapes) or too computationally onerous (e.g., for
machine learning (ML) inverse design tools which require
large numbers of EM simulations for training and/or operation
[51], [52], [53]) to perform.

B. Optimization
Levenberg–Marquardt proved broadly successful as a means

of solving the inverse problem at hand: tuned correctly, it con-
sistently and quickly converged on a shape close to the known
configuration. Some areas, however, merit consideration and
possible improvement.

1) Sensitivity: Optimization performance proved sensitive
to the relative weighting of di↵erent classes of RF residuals.
Performance was sensitive to implementation details such as
the size of the finite di↵erential for Jacobian computation
and the degree of random variation chosen for the initial
configuration.

2) Convergence: Though we do not claim to prove con-
vexity of the loss function, over thousands of optimization
iterations, the computational estimate of the local Hessian
(JT WJ) was always positive semidefinite. This implies the loss
functions are convex, with a global minimum and no local
minima.

Convergence was relatively sensitive to the convergence
criteria. Often, marginal decreases in the loss reflected drastic
changes to the shape, implying a flat minimum and the
requirement for stringent convergence criteria, though this
proves computationally ine�cient.

3) Parameterization: The algorithm rests on a potentially
inappropriate design decision: parameterization of the shape
using absolute geometry. This has two consequences. First, the
shape is encoded by 75 parameters, despite only having ⇡ 10
“local” DoFs. This introduces singularities into the Jacobian
and taxes the optimization unnecessarily. Moreover, shape
is encoded with absolute geometry despite the data (mutual
coupling) reflecting local geometry.

Surface parameterization can be drastically simplified in
contexts where boundary conditions confine the possible
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shapes to a restricted modal basis. For example, in the Caltech
Space Solar Power System proposal [54], a flexible phased
array is confined to a deployable structure, which defines the
array’s vibrational modes [55]. Depending on the structure,
relevant prestresses, and internal/external applied force, the
quality factor for the system can be high enough that only a
few eigenmodes explain almost all system motion: these can
be used as the functional basis for reconstruction.

4) Scaling: In the current MATLAB implementation, the
median reconstruction requires 320 iterations, running at 2.74
s per iteration—an average of 15 min per reconstruction.
However, the implementation was not optimized for speed.
Written in a low-level language, with more e�cient coding,
a more e�cient parameterization, and sparser data, iteration
speed would be higher, and fewer iterations would be required.

Key to our motivation was to create an alternative to
closed-loop optimization, mostly due to its scaling challenges.
Unlike closed-loop optimization, which requires centralized
optimization that explodes with array size, this method is local.
Beyond a local region, mutual coupling amplitude falls below a
receiver’s sensitivity. We envision scaling this process to larger
arrays by running regional shape reconstructions in parallel: a
method which scales linearly with the reuse factor and not the
array size. Like frequency reuse in cellular networks, parallel
mutual coupling measurements can take place so long as cells
are su�ciently far apart as not to a↵ect one another. Individual
regions can be reconstructed in parallel and then stitched
together either by reconstruction of overlapping regions, by
assuming continuity of the array, or by performing another
reconstruction between regions.

C. Measurement Data: Experimental Setup
Measurement accuracy was limited by the complex and

high-loss (23–26 dB) passive feed network that routed power
to each individual radiator and patch-to-patch manufacturing
variation, which introduced a spread in resonant frequencies
exceeding their bandwidths. Variation in electrical length and
part matching clouded phase measurements with enough vari-
ation to make them unusable. We hypothesize this also limited
reconstruction accuracy to a floor of ⇡ 0.04 �, thus limiting the
system’s ability to accurately reconstruct deformations smaller
than this.

These issues can be addressed by testing with an actively
driven array. In such a system, each antenna would be driven
by a multichannel transceiver RFIC with full Tx/Rx chains
capable of capturing mutual coupling measurements. An active
array would not possess a complex passive routing network
and would be more representative of the advanced systems;
shape reconstruction would be used.

D. Future Directions
The results presented herein are promising and inspire a

number of future directions of exploration and demonstrations.
1) Future Exploration: Relevant for systems with many

radiators is the potential for reconstruction with a sparse
coupling matrix. We have already demonstrated that accu-
rate reconstruction is possible, and potentially better, when

some measurements are omitted; runtime and measurement
complexity may benefit from omitting the vast majority (e.g.,
>90%) of measurements.

Many flexible phased array applications demand large aper-
tures, which behave more like infinite arrays. These may
have more favorable and predictable coupling behavior along
the nonprincipal directions omitted in this work; if they do,
they can be included to improve reconstruction. Furthermore,
infinite arrays may necessitate modifications to the method,
akin to new antenna types or implementations.

We can also explore improvements to the model and the
optimization method. A physics-informed ML model could
serve as a balance between two ends of the spectrum: idealized
physics models, which are sensitive to implementation, and
pure ML models, which require too much data and compute. It
may enable a more accurate reconstruction in fewer iterations,
especially for pairs not currently modeled well.

Similarly, other nonlinear least-squares optimization meth-
ods (BFGS, genetic, Nelder–Mead, etc.) may be faster to
converge and less sensitive than LM. It is worth exploring
their performance going forward.

We could also revisit unnecessary assumptions that may
inhibit performance: it is possible to account for deformation-
driven changes to radiation pattern, aperture e�ciency, and
other antenna characteristics, and doing so may improve
performance. It may also help us understand whether these
assumptions are responsible for the present measurement-
model disagreement.

2) System Demonstrations: To test the method in rep-
resentative systems, we should demonstrate other antennas,
frequencies, polarizations, array geometries, and so on, which
may require model parameter retuning. We should also demon-
strate the method in an active, integrated phased array system.
In a transceiver system, the receiver chain can be used to mea-
sure mutual coupling by downconverting received signals with
a common LO. In a transmitter system (e.g., wireless power
transfer), adding a receiving path adds to system overhead
and reduces output e�ciency for the nominal functionality.
A duplexing switch would add 1–2-dB loss to both Tx/Rx
paths, even if mutual coupling measurements were only being
done a small fraction of the time. A better approach would
be to implement an uneven Tx/Rx splitter or to parasitically
tap o↵ of the end of the Tx path (e.g., with a small inductor),
allowing for higher Tx path e�ciency at the cost of higher
Rx noise figure and possibly lower reconstruction accuracy.
Exploring this tradeo↵ and determining how to implement a
receiver in systems without one already would be an important
step forward. Moreover, repurposing existing receivers or
adding low-powered ones implies little to no additional power
consumption for mutual coupling data collection. An active
implementation would also allow us to demonstrate beam-
steering with and without reconstruction as a way to verify
predictions made with the array factor equation.

At a system level, demonstrating the coordination of recon-
struction with an array’s nominal tasks would be valuable.
Reconstruction only needs to be performed at the frequency
of deformation, ideally with a very low duty cycle. An example
implementation could look like this.
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1) Within each “reconstruction cell,” elements take turns
transmitting while all others receive.

2) At the end, each element reports a mutual coupling
vector to a central node, which concatenates these into
a matrix.

3) The central node processes the coupling data while the
array returns to its nominal operating function (power
transfer, communications, sensing, etc.).

4) When the algorithm returns a shape prediction, the
central node can broadcast phase updates to individual
elements to compensate for deformation.

5) This process repeats with frequency on the order of the
rate of deformation.

Because data processing and nominal array operation can
take place in parallel, the reconstruction duty cycle is limited
only by the data collection time and can be relatively low. In
systems where deformation accompanies other environmen-
tal changes, the model can be parameterized as a function
of known relationships between environmental variables
(temperature, degradation, etc.) and mutual coupling.

APPENDIX

A. 2-D Surface Model
We begin by modeling our 2-D surface in 3-D space16

~x (u, v) = (x (u, v) , y (u, v) , z (u, v)) (23)

where ~x(u, v) is a mapping R2 ! R3 from our u ⇥ v subspace
to our x⇥ y⇥ z subspace. From this surface parameterization,
we can compute tangent vectors in the u and v directions

@~x
@u
=

✓
@x
@u
,
@y
@u
,
@z
@u

◆
(24)

@~x
@v
=

✓
@x
@v
,
@y
@v
,
@z
@v

◆
(25)

and a surface unit normal vector

û =
@~x
@u ⇥

@~x
@v

k @~x@u ⇥
@~x
@v k
. (26)

The three scalar coe�cients of the first fundamental form
[56] are given by

E =
@~x
@u
· @~x
@u

(27)

F =
@~x
@u
· @~x
@v
=
@~x
@v
· @~x
@u

(28)

G =
@~x
@v
· @~x
@v

(29)

which can be represented as a tensor, I(u, v)

I (u, v) =


E F
F G

�
. (30)

The three scalar coe�cients of the second fundamental form
are given by

L =
@2~x
@u2 · û (31)

16Much of the mathematical framework for generalizing and
reconstructing2-D surfaces using nonlinear least-squares optimization is
inspired by the approach presented in [36].

M =
@2~x
@u@v

· û = @2~x
@v@u

· û (32)

N =
@2~x
@v2 · û (33)

which can be represented as a tensor, I(u, v)

I (u, v) =


L M
M N

�
. (34)

B. Constraints on Developable Surfaces
We can pose constraints on the space of surfaces

by observing that our 2-D array is developable (inex-
tensible). A consequence of this is that arclengths in
the u ⇥ v plane are preserved across deformation.
A curve along this surface can be defined in the u ⇥ v plane
as

~↵ (t) = ~x (u (t) , v (t)) (35)

with arclength over [t0, t1] given by

s↵ =
Z t1

t0

s
⇥
u0 (t) v0 (t)

⇤
I (u (t) , v (t))


u0 (t)
v0 (t)

�
dt. (36)

Constant arclength implies the tensor I(u, v) is constant across
deformations

I (u, v) = I0 (u, v) (37)

where I(u, v) is a tensor for a general deformation, I0(u, v)
is the tensor associated with our reference configuration, ~x is
the general surface parameterization, and ~x0 is the reference
surface parameterization. This matrix equality implies three
equalities

@~x
@u
· @~x
@u
=
@~x0

@u
· @~x

0

@u
(38)

@~x
@v
· @~x
@v
=
@~x0

@v
· @~x

0

@v
(39)

@~x
@u
· @~x
@v
=
@~x0

@u
· @~x

0

@v
. (40)

The first two equalities are statements of length preservation
in the two (u and v) directions, and the third is a statement of
local angle preservation between the u and v directions (i.e., a
sheet of gridded paper must always look locally orthogonally
gridded across deformations).

In general, the principal curvatures, 1, 2, of a surface are
given as the roots of the equation

det (I � I) = 0. (41)

However, in developable surfaces, I is static. If we designate
the starting configuration as flat, I is the identity matrix, I2.
Thus, (41) reduces to

det (I � I2) = 0. (42)

This recognizable form implies  are the eigenvalues of I

IT = T (43)

where T are the principal vectors at the surface, pointing in
the two principal directions.
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C. Discretization of Constraints on Developable Surfaces
We discretize this model by moving from continuous surface

variables (u, v) to indexed ones (um, vn), where m and n
correspond to the row and column position, respectively, of
a radiator on a regular 2-D grid spanned by M ⇥ N radiators
on our surface.

We begin by discretizing the first two (length) constraints in
(38). We first integrate the quantities over u and v, integrating
the first (u-length constraint) over u while holding v constant
and integrating the second (v-length constraint) over v while
holding u constant

Z um+1

um

����
@~x
@u

(u, vn)
���� du =

Z um+1

um

����
@~x0

@u
(u, vn)

���� du (44)
Z vn+1

vn

����
@~x
@v

(um, v)
���� dv =

Z vn+1

vn

����
@~x0

@u
(um, v)

���� dv. (45)

The first equality can be applied at all vn and at the first (M�
1)um, giving us (M � 1)N equations. The second equality can
be applied at all um and at the first (N�1)vn, giving us M(N�
1) equations. The third equality can be discretized without
integration and is implemented at radiator positions

@~x
@v

(um, vn) · @~x
@u

(um, vn) =
@~x0

@v
(um, vn) · @~x

0

@u
(um, vn) . (46)

The third equality can be applied at all um and vn, giving us
MN equations. Taken together, we have a total of 3MN�M�N
constraints on the surface.

Distance between adjacent patches is the array element
pitch, d, and elements are placed in a regular square grid

Z um+1

um

����
@~x0

@u
(u, vn)

���� du =
Z um+1

um

du = um+1 � um = d (47)
Z vn+1

vn

����
@~x0

@v
(um, v)

���� dv =
Z vn+1

vn

dv = vn+1 � vn = d (48)

@~x0

@u
(um, vn) · @~x

0

@v
(um, vn) = 0. (49)

The integrals can then be discretized as
Ni�1X
i=0

����
@~x
@u

(um + i�u, vn)
�����u = d (50)

Ni�1X
i=0

����
@~x
@v

(um, vn + i�v)
�����v = d (51)

where Ni is the number of “integration points” corresponding
to finite di↵erentials �u = �v = d/Ni.

D. Average Radius of Curvature Using the Frenet Frame
We should produce a metric which approximates the

“average” radius of curvature, Rmn, between any two points
on the surface, ~xm and ~xn. We begin by considering the
straight line along the surface from point ~xm = ~x(um, vm) to
~xn = ~x(un, vn).

This curve can be parameterized in the u⇥ v plane as ~�(t) :
R! R2

~� (t) =


u (t)
v (t)

�
=


un
vn

�
+ t


um � un
vm � vn

�
8t 2 [0, 1] . (52)

This curve represents the shortest path from one point to
another in the u⇥v space—a line in 2-D and, thus, a geodesic
on the surface. We make ~�(t) a unit speed curve by normalizing
by the arc length, s

s (t) =
Z t

0

q
u0 (⌧)2 + v0 (⌧)2d⌧

=

Z t

0

q
(um � un)2 + (vm � vn)2d⌧

= at (53)

where a = (�u2 + �v2)1/2 is the length of the line between
points in the u ⇥ v plane, �u = um � un, and �v = vm � vn.
Thus, our curve can be written as

~� (s) =


u (s)
v (s)

�
=


un
vn

�
+

s
a


�u
�v

�
8s 2 [0, a] . (54)

The 3-D curve is defined using ~�(s) : R! R3

~� (s) = (x (s) , y (s) , z (s))
= (x (u (s) , v (s)) , y (u (s) , v (s)) , z (u (s) , v (s)))
8s 2 [0, a] . (55)

The tangent vector in the Frenet frame, T = ~�0(s) : R ! R3

can be computed

~�0 (s) =
�
x0 (s) , y0 (s) , z0 (s)

�

=

2
66664

@x
@u
�u
a

+
@x
@v
�v
a

@y
@u
�u
a

+
@y
@v
�v
a

@z
@u
�u
a

+
@z
@v
�v
a

3
77775
8s 2 [0, a] . (56)

The normal vector in the Frenet frame, N = ~�00(s) : R !
R3 can be computed

~�00 (s) =
�
x00 (s) , y00 (s) , z00 (s)

�

=

2
666664

@2x
@u2

@2x
@u@v

@2x
@v2

@2y
@u2

@2y
@u@v

@2y
@v2

@2z
@u2

@2z
@u@v

@2z
@v2

3
777775

2
666664

�u2

a2
2�u�v

a2

�v2

a2

3
777775

=
@2~�

@u2
�u2

a2 + 2
@2~�

@u@v
�u�v

a2 +
@2~�

@v2
�v2

a2 8s 2 [0, a] .
(57)

A curve contained in a surface has curvature which can be
decomposed into two components: the normal curvature n and
the geodesic curvature g. These relate to each other according
to

 (s)2 = k~�00 (s) k2

= n (s)2 + g (s)2 . (58)

All straight lines in the input (u ⇥ v) space of a developable
surface are geodesic curves on that surface. Thus, there is
always zero geodesic curvature: g = 0

 (s) = n (s)
= k~�00 (s) k. (59)
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We can alternatively compute the normal curvature using the
coe�cients of the second fundamental form

n (s) = L (s) u̇2 + 2M (s) u̇v̇ + N (s) v̇2 (60)

where u̇ = �u/a and v̇ = �v/a.
Integrating the instantaneous curvature along the curve

between the two points, we obtain the following metric for
“average curvature”:17

avg
mn =

1
a

Z a

0
 (s) ds. (61)

Thus, the average radius of curvature between any two points
on the surface is given by

Ravg
mn =

1
avg

mn
. (62)

This metric can be useful for treating coupling pairs on
surfaces of nonconstant curvature as pairs lying on a surface of
constant curvature with respect to radius-dependent, convex-
curvature surface mode coupling models (7) and (8). Integrated
as in (61), each antenna pair can have di↵erent radii of cur-
vature while we still retain the simplicity of using a constant
curvature coupling model.
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